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1. Introduction 

A great number of methods for computing the homotopy or the homology of a topological space 
begin with a mod p reduction, and this has proved to be very efficient even though one then has to 
deal with an extension problem when reverting to integer coefficients. However, such methods are not 
well-suited when one considers spaces which are of an algebraic nature, such as Eilenberg-Mac Lane 
spaces. That a purely functorial approach is possible in such a case was already apparent in the classical 
paper of S. Eilenberg and S. Mac Lane |24| . in which they calculate directly the integral homology of 
Eilenberg-Mac Lane spaces in low degrees. Their results are expressed in terms of what they called 
the "new and quite bizarre functors" f2(Il) and R(H). These functors became more intelligible with 
the advent of the Dold-Puppe theory of derived functors of non-additive functors |21) . as they could 
then be interpreted as left-derived functors of the second exterior power functor and the second divided 
power functor respectively. Higher analogues of these new functors subsequently appeared in related 
contexts in a number a places, particularly in the Ph.D. theses of Mac Lane's students R. Hamsher 
[30j and G. Decker |18j . However, this line of research was not vigorously pursued, though one should 
mention in this context the work of H. Baues [2] and of the first author |1U| . as well as the unpublished 
preprint of A. K. Bousfield |S]. 

In the present text, we compute in this functorial spirit certain unstable homotopy groups of Moore 
spaces M(A, n) and in particular of the corresponding spheres S n = M(Z, n) . This approach to the 
computation of the homotopy groups of spheres is of particular interest, since much more structure is 
revealed when these homotopy groups are described as special values at the group A = Z of a certain 
functor. Our method is in some sense quite classical, since it relies on D. Kan's construction of the 
loop group GK of a connected simplicial set K and on E. Curtis' spectral sequence determined by 
the lower central series filtration of GK. The initial terms in this spectral sequence were described by 
Curtis in terms of the derived functors of the Lie functors L n |16| . In addition, Curtis showed that 
these Lie functors are endowed with a natural filtration whose associated graded components are built 
up from more familiar functors. 

It follows from this description that a key ingredient in such an approach must be a good understand- 
ing of the derived functors of the functor L n . We are able to achieve this in low degrees, where this is 
made possible by the fact that this Curtis decomposition of the Lie functors reduces this problem to 
the computation of derived functors of iterates of certain elementary functors (particularly the degree 
r symmetric functor SP r , and the related rth exterior algebra and rth divided power functors A r and 
r r ). In order to deal with such iterates, we require a composite functor spectral sequence along the 
lines of the standard Grothendieck spectral sequence |47| . but for a pair of composable non-additive 
functors such as those mentioned above. Such a non-additive composite functor spectral sequence was 
defined by D. Blanc and C. Stover [6], but here we give a formulation of its initial terms which is better 
suited to our computational objectives. In fact this spectral sequence degenerates in our context at E 2 , 
and may rather be thought of, for the functors which we consider, as a symmetrization of the Kiinneth 
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formula and its higher analogues a la Mac Lane [36], |37) . In this way we are able to go beyond the 
computation of the iterates of A 2 already considered in this context by the second author [40J. 

In our quest for the explicit values of the Dold-Puppe derived functors of the Lie algebra functors 
L r for certain values of r, we deal with a number of questions of independent interest. First of all, 
starting from the description by F. Jean, a student of the first author, of the derived functors of SP r 
and A r [323, we & ve a complete description of these derived functors (as well as of the divided power 
functor r r ) for r = 2, by a method different from that of H. Baues and T. Pirashvili in [5]. We then 
go on to give a similarly complete and functorial description of the corresponding derived functors of 
SP 3 , A 3 and T3, and we deduce from this a functorial description of the derived functors LiL 3 (A,n) 
for all i and n. We also compute certain derived functors of the quartic composite functors A 2 A 2 and 
A 2 r2 and deduce from them certain values of the derived functors LiL 4 (A,n). 

In order to achieve a sufficiently precise understanding of some of these derived functors of £ 4 , we 
were led to introduce an analogue for Lie functors of the decalage morphisms. The latter are determined 
by the existence of Koszul complexes, which relate to each other the derived functors of SP r , A r and 
T r . Just as A r may be viewed as a super-analogu^] of SP r , we need to introduce a super-analogue 
of the Lie functor L r . It turns out that this must not be the naive graded commutative version of the 
Lie functor, in which certain signs are changed in the relations defining it. Instead, it is necessary to 
introduce in its definition, following D. Leibowitz in her unpublished thesis |35j . an additional divided 
square operation with respect to the Lie super-bracket of odd degree elements. While there no longer 
exist decalage isomorphisms between the Lie and super-Lie functors, there do exist canonical pension 
maps between them, which we call the semi-decalage morphisms, and which allows us to give a refined 
description of their derived functors in certain cases. 

We also rely at some point on the knowledge of the homology of the complex C n (A) dual to the de 
Rham complex first introduced in the present context by V. Franjou, J. Lannes and L. Schwartz in 
|27J. We refer to [4IJ for an explicit calculation of the values of the homology groups HoC n (A) for all 
n announced by Jean in |32j . as well as for a description of all the homology groups HiC n (A) when 
n < 8. The occurence of 8-torsion when n = 8, as well as that of a Lie functor when n = 6, suggests 
that no simple description of these groups can be expected for a general n. 

In §111 we use these tools in order to achieve our goal of computing algebraically certain homotopy 
groups of n-spheres and Moore spaces M(A,n). The task at hand is twofold. The first part consists, 
as we have said, in computing the initial terms of the Curtis spectral sequence, and for this we rely on 
our knowledge of the derived functors of certain Lie functors and their super-analogues. The second 
part consists in understanding certain differentials in the spectral sequence. We rely here upon various 
methods, some based on the functoriality of our construction and on the fact that the differentials 
are now natural transformations rather then simply group homomorphisms, and others more classical 
in spirit (the suspension of a Moore space, the comparison of a Moore space with the corresponding 
Eilenberg-Mac Lane space, ...). We have at times in this final section made use of known results 
concerning the homotopy of Moore spaces for specific groups A, whenever this allowed us to progress 
with our own investigations. It is quite striking to observe how far one can go in the description of 
these homotopy groups, with only the knowledge of derived functors of quadratic and cubical functors 
as the basic input. 

In this final section we proceed in logical order, beginning with the homotopy groups of S 2 and 
M(A, 2) and then moving on to M(A,n) for increasing values of n. For A = Z, some of our results 
follow in the stable range from [9] where a more efficitient spectral sequence, which however depends 



We prefer to call this the super-analogue, rather than the graded analogue as is more customary, since all our functors 
are graded. 
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on the choice of a fixed prime p, is considered (see also [ 1 TJ ) . As an illustration of our methods, we 
begin by explaining how one may obtain in this way the known values of the 3-torsion of TTi(S 2 ), 
for values of i up to 14. To have gone further, so as to retrieve the classical results of H.Toda |46j 
up to i = 22, would have obliged us to delve further into the analysis of the spectral sequence. We 
also recover, and reinterpret, some results of Baues and his collaborators [2J, |23| . [3J. In particular, 
we obtain by our methods the results of Baues and Buth [3J concerning TTi(M(A,2)) for i = 4, and 
give an improved description of the unpublished results of Dreckmann for i = 5 [23j (see also Baues 
and Goerss [3]). Specializing to the case A = Z/p, we obtain further information about the groups 
7Tj(M(Z/p, 2)) whenever the prime p is odd. By suspending these calculations, this gives us in particular 
a fully functorial description of the graded components associated to a natural filtration of the group 
ttq(M(A,3)) which appears to be new. As a consequence of these computations, we can recover the 
value of 7T5(M(Z/3, 2)), a significant case of the extension by Neisendorfer |42) to the prime p = 3 of 
Cohen, Moore and Neisendorfer's study |13| of the homotopy of Moore spaces (this value had in fact 
previously been obtained by D. Leibowitz in [35J). 



As a final example, we examine the low degree homotopy groups of M(Z/3, 5) since this allows 
us to exhibit in a simple context some of the techniques on which we relied throughout this section. 
In fact, the reader may wish to begin with this case, before going on to the more delicate unstable 
computations which precede it. 



As will be apparent from this description of our paper, a number of our results in homotopy theory 
have already appeared in one form or another in the litter ature, where they are proved by very diverse 
methods. Our aim here is to show that these can all be obtained by a uniform method, based solely 
on functorial techniques from homological and homotopical algebra with integer coefficients. We ex- 
pect that such an approach to these questions will not only allow one to compute specific additional 
homotopy groups, but more importantly will shed some new light upon their global structure. 



Acknowledgements: We are indebted to P. Goerss for providing us with a copy of the dissertation 
|23j, and to A. K. Bousfield for making available to us the thesis |35j as well as for his comments 
regarding a first version of the present text. 



2. Derived functors 

2.1. Graded functors. Let Ab be the category of abelian groups and A an object of Ab. For any 
chain complex Cj, we will henceforth denote by C[n] the chain complex defined by 

C[n]i := Ci- n for all i. 

In particular, the chain complex A[n] is concentrated in degree re. In addition to the graded tensor 
power functor (g) := (J) n>0 the symmetric power functor SP := (B«>o SP n i an d the exterior power 
functor A := Q) n>0 A n (the quotient of <S)A by the ideal generated by elements x ® x for all x € A), 
we will consider over Z the following somewhat less well-known functors: 
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1. The divided power functor: (see |44J) T* = © n>0 T n : Ab — > Ab. The graded abelian group 
r*(vl) is generated by symbols 7i(x) of degree i > satisfying the following relations for all x,y £ A: 

1) 70 0*0 = 1 

2) 7i (x) = x 

3) 7 s (x)7 t (x) = ( S + t W+tO) 



s 

4) 7n0 + v) = ^(xhtiy), n>i 

s+t=n 

5) 7n (-s) = (-l) n 7n (rc), n > 1. 

In particular, the canonical map A ~ Ti(A) is an isomorphism. The degree 2 component T2(^4) of 
T*(A) is the Whitehead functor T(A). It is universal for homogenous quadratic maps from A into 
abelian groups. The following additional relations in T*(A) are consequences of the previous ones: 

7 r (nx) = n r 7 r (x), n G Z; 

r7 r (x) = X7 r _i(x); 

x r = r!7 r (x); 

7r ( x ) y r = x r 7 r (y). 
In addition, a direct computations implies that 

r r (Z/n) ~Z/n(r,n°°), 
where the extended g.c.d (r, n°°) is defined by (r, n°°) := linim^oo (r, n m ). 

2. The Lie functor L : Ab — > Ab (see |15]). The tensor algebra ®A is endowed with a Z-Lie algebra 
structure, for which the bracket operation is defined by 

[a, b] = a® b- 6(g) a, a,6G®(i). 

One defines n-fold brackets inductively by setting 

[oi, . . . , a n ] := [[oi . . . , a„_i], a n ] (2.1) 

We will denote <g>.A, viewed as a Z-Lie algebra, by ®(A) iie . Let L(A) = (B n>1 £ n (A) be the sub-Lie 
ring of <S>(A) Lie generated by A. Its degree 2 and 3 components are generated by the expressions 

a ® 6 — b ® a and a <S> b c — 6(g>a<g>c + c(g>a<S>6 — c (g> 6 <g> a (2.2) 

where a, 6, c £ A. £(-i4) is called the /ree Lie ring generated by the abelian group A. It is universal for 
homomorphisms from j4 to Z-Lie algebras. The grading of ®A determines a grading on £(A), so that 
we obtain a family of endofunctors on the category of abelian groups: 

L l : Ab -> Ab, i > 1. 

In particular, 

£ i (Z) = (2.3) 
for all i > 1. For any free group F and £ > 1, one has the natural Magnus- Witt isomorphism ([38J, 

M) 

li{F) / li+l{F) — £ % {F a b)- (2.4) 
where ji(F) is the ith term in the lower central series of F. 



3. The Schur functors. We will also consider the Schur functors 

J n ,Y n ,E n : Ab -> Ab, n > 2 
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defined by 

J n (A) = ker{A ® SP n -\A) -> SP n (A)}, n>2, (2.5) 
Y n (A) = ker{A ® A"" 1 ^) ->• A n (A)}, n > 2, 
E n (A) = ker{A ® r n _i(A) -> r n (A)}, n > 2 . 

In particular, 

J 2 (A) = £ 2 (A) ~ A 2 A and y 2 (A) ~ r 2 (A) (2.6) 

whenever A is free. The functors Y n (A) are the Z-forms of the Schur functors S^(V) associated to the 
partition A = (2, 1 . . . , 1) of the set (n) (see exercise 6.11, [25J chapter 8 (19))- The functors J n {A) 
and E n (A) are two distinct Z- forms of the Schur functors § M associated to the partition = (n — 1, 1) 
of (n), which is the conjugate partition of A. 

The functors J n and their derived functors were considered by E. Curtis |16) and J. Schlesinger |45| . 
Just as the quotient of a Lie ring L by the ideal generated by all brackets is an abelian Lie ring, one 
can consider the metabelian Lie rings. These are the quotients of L by the ideal generated by brackets 
of the form [[ ], [ ]]. The following proposition asserts that the functors J n , restricted to free abelian 
groups A, are metabelian Lie functors 

Proposition 2.1. |45j Let A be a free abelian group and n>2. The 4-term sequence 

-> L n {A) n L 2 L 2 {A) -> L n (A) A ® SP n ~\A) SP n {A) -»■ 0, (2.7) 
is exact, where r n is the multiplication, and the map p n is defined by 

p n : [mi, . . . , m n ] i-> mi ® m2 . . . m n — m2 (g) mim^, . . . m n , where mj € A Vj. 
The projection 

L n (A) ^ J n (A) (2.8) 

of L n (A) onto its image in A® SP n ~ 1 A will also be denoted p n , so that if we set 

J n {A) :=L n (A)r\L 2 L 2 {A), 
the sequence (|2,7p splits into a pair of short exact sequences 

*J n (A) ^£™(A)-^W"(A) -0. (2.9) 

-J n (A) ^A^SP"- 1 -SP n (A) -0 (2.10) 

In particular, 

£ 2 (A)~A 2 (A) and £ 3 (A) ~ J 3 (A) (2.11) 
since J n (A) is trivial for n = 2, 3. 

Let us now recall some the natural transfomations between these functors: 
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f n : SP n (A) -> 
a\...a n i-» 



9n : A n (A) -»• 
a% A • • • A a n (->• 

/i„ : r n (A) -> 
7n(ai)---7r fc (afc)i-^ 

In these definitions of / n and <jr n , we have set := cx(j'), whereas the (*]_,..., i n ) in the definition of 
/i n range over the set of n-tuples of integers for which j occurs Tj times (1 < j < k). When A is free 
abelian, the induced morphism 

h n :T n (A) -> (®M) S ", 

from r n (^4) to the group of tensors invariant under the action of the symmetric group is an isomorphism 
for all n > 1. By the universal property of the algebra T*(A), h n may also be characterized as the 
map determined by the divided power algebra structure on <S)A := © n ((g) n A), where the product in 
this algebra is defined by the shuffle product, and the divided powers are characterized by the rule 
7„(a) := a <g> . . . <g> a G ® n A for all a £ A. 

2.2. Derived functors. Let A be an abelian group, and F an endofunctor on the category of abelian 
groups. Recall that for every n > the derived functor of F in the sense of Dold-Puppe |21| are defined 

by 

LiF(A,n) = TTi(FKP*[n]), i > 

where P* — > A is a projective resolution of A, and K is the Dold-Kan transform, inverse to the Moore 
normalization functor 

N : Simpl(Ab) -»■ C(Ab) 

from simplicial abelian groups to chain complexes |47j Def. 8.3.6. We denote by LF(A, n) the object 
FK(P*[n]) in the homotopy category of simplicial abelian groups determined by FK(P*[n]), so that 

L i F(A,n) = Tr i (LF(A,n)). 

We set LF(A) := LF(A,0) and L { F(A) := LiF(A, 0) for any i > 0. When the functor F is additive, 
the LiF(A) are isomorphic by iterated suspension to Li +n F(A, n) for all n, and coincide with the 
usual derived functors of F. As examples of these constructions, observe that the simplicial models 
LF(L — ► M) of LFA and FK({L — > Af)[l]) of LF(A, 1) associated to the two-term flat resolution 

-> L -U M -»■ A^O (2.15) 
of an abelian group ^4 are respectively of the following form in low degrees: 



<g) n A 

^ (Si • • • ® a in 

® n A 

sign(<T)a il (8) 



(2.12) 



(2.13) 



a,- 



^ <g> • • • ® a,i 

(il,—,in) 



(2.14) 



do,di,8 2 80,8! 

F(s {L) © siso(M)) =| F(L©s (M))^ F(M) 



(2.16) 
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where the component F(M) is in degree zero, and 

7-1/ / r \ /T\ /T\ 9o,. ..,83 80,81,82 

where the component F{M) is in degree 1. It follows from the definition of homology that L{L(A, n) ~ 
Hi(K(A, n); Z) for all n, where K(A, n) is an Eilenberg-MacLane space associated to the abelian group 
A. 

1. Derived functors of (g) n [37] , For n > 1, and abelian groups Ai, . . . ,A n , we defincH 

Torj(Ai, . . .,A n ) := HilAt® ■■■ ® An) , i> 0. 



L 

where A (g) -B is the derived tensor product of the abelian groups A and B in the derived category of 
abelian groups, as in |47J §10.6. In particular, 

Tor Q (^i,. . . , A n ) ~ Ai <g> • • • (8) A n and Tor;(Ai, . . . , A n ) = i > n. 

One sets 

Tov(A 1 ,A 2 ) := Tori(Ai, A 2 ) and Tor W (A) := Tor n _i(A, . . . , A) (n copies of A). 

While computations of such iterated Tor functors for specific abelian groups A are elementary, an 
explicit functorial description of the multi-functors Torj is more delicate. The functorial short exact 
sequence 

-> Tbr(Ai, A 2 ) ® v4 3 -> Tori(Ai, A 2 , A 3 ) -> Tor(Ai ®4^)^0, 
splits unnaturally [36], |37] , The Eilenberg-Zilber theorem determines natural isomorphisms 

Li <g> n A ~ Tor^A, . . . , A), i > 0. 

The group Tor[ n '(^4). It is generated by the n-linear expressions Th(a>i, ■ ■ ■ a n ) (where all aj live in the 
subgroup hA of elements a of A for which ha = (/i > 0), subject to the so-called slide relations 

T hk (ai,. . . ,a,i, . . .a n ) = r h (kai, ... , feoj_i,Oi, k i+1 , . . . ,ka n ) ( 2 -18) 

for all i whenever hkaj = for all j ^ i and hai = 0. The associativity of the derived tensor product 
functor implies that there are canonical isomorphisms 

TorN(^) ~ Tor (Tor (A), A), n>2. 

The description of derived functors Li (g> n A for a general i follows from that of Tor^-A). For every 
abelian group A, n > 1, 1 < i < n — 1, the group Lj (g) n (A) is by [37] the quotient : 

Li ®" (A) ~ Tor^A) ® (®"- i - 1 (A))/Jac 8 , 
where Jac® is the subgroup of generalized Jacobi-type relations, generated by the elements 

i+2 

^(-l) fc r /l (xi, . . . . . . ,aci +2 ) <S> x fc <8> x i+3 <g> • • • ® x„ 

fc=i 

for all xi, . . . , x n G A 

2. Derived functors of SP n . The map £x) n — > SP n induces a natural epimorphism 

TorW(A) -> L„_i5P n (A) (2.19) 



2 In [36], Mac Lane uses the notation Trip(Ai, A2, A3) for the group Tori(Ai, A2, A3) and Tor(^4i, . . . , A„) for 
Tor n -i(A\, . . .,A n ). 
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which sends the generators Th{a\, . . . , a n ) of Tor^(A) to generators Ph( a lj • • • > a n) of 

S n {A) := L n ^SP n (A) . 

The kernel of this map is generated by the elements Th(a\, . . . , a n ) with a» = cij for some i ^ j. It is 
shown by Jean in [32j that 

L l SP n (A) ~ (L,5P l+1 (^) ® 5P n - (i+1) (A))/Joc 5P , (2.20) 
where Jacs p is the subgroup generated by elements of the form 

i+2 

'h{xx, ...,x k ,..., x i+2 ) <S> x k yi . . . y n -i-2- 

k=l 

with Xi € hA and yj G ^4 for all The filtration of Z(A, n) by powers of the augmentation ideal 
determine a filtration on the homology groups H r (K(A, n)), whose associated graded pieces are the 
L r SP s (A,n) [TO]. 

3. Derived functors of A™. For any abelian group A and n > 1, we set 

ft„(A) := L n _ x A n (A). 

Consider the action of the symmetric group S n on Tor^(vl), defined by 

o-r fe (ai,... ,a n ) = sign(a) T h (a a{l) , . . . ,a a{n) ) 

where ha\ = ■ ■ ■ = ha n = 0, en £ A, a & S n . We denote this action by S^. The natural transformations 
g n induces functorial isomorphisms between Q n (A) and the ^-invariants in Tor^A) [10], |32| th. 
2.3.3: 

Q n {A) ~ (TorM(A)) s ™. 

In particular, for all n > 0, 

n n (Z/r)~Z/r. (2.21) 
In addition, the morphisms r/j which describe the Tor functors now symmetrize to homomorphisms 

\ n h : T n ( h A) -> fi n (A) (2.22) 
for /i > 1 and the group fi n (A) is generated by the elements 

u^fa) :=X h ( 7il (x 1 )... lij (x j )) (2.23) 

with ifc > 1 for all k, and Ylk^k = n - These satisfy relations which may be thought of, as in |10j . as 
symmetrized versions of the slide relations (|2,18p . The following description of the derived functors 
LjA n is given in |32] Theorem 2.3.5: 

Lik n (A) ~ (Q m (A) ® A"- i - 1 (A))/Jac A . (2.24) 

Here Jac\ is the subgroup generated by the expressions 

j 

u\ (xi) * • • • * w^_i(a? fc ) * ... * w£ (xj) <g) x fc A yi A . . . y n -i-2 

k=l 

for all h, with = i + 2. In particular, this implies that for any finite cyclic group A, 

LiK n (A) = i^n-1. (2.25) 

^. Derived functors ofT n . Not all is known about derived functors of the divided power functors. 
For an abelian group A, the double decalage isomorphism (described in (|2.4ip below) determines a 
composite isomorphism 

L X T 2 (A) ~ L 5 SP 2 (A, 2) ~ H 5 (K(A, 2), Z) 
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so that LiT2(A) is isomorphic to the functor R{A) of Eilenberg-Mac Lane [24 J |24J §22, defined as 

(Toi(A,A)(BT 2 ( 2 A))/S, 
where S is the subgroup generated by elements 

r h (x,x), x £ h A, h £ N, 

l2{x + y) -72(0;) -72(2/) -T 2 (x,y), x,y € 2 A. 

More generally, we set 

P n (A) := L n _!r„(A) , 

so that i?2(^4) = P(A), even though this is inconsistent with the notation in |18j . The sequence 

— >SP 2 (A) —>T 2 (A) — ► A(8)Z/2, (2.26) 
is exact for any abelian group A, and derives to the short exact sequence 

-> LiSP 2 (A) -> Lir 2 (A) -)■ Tor(A,Z/2) -> 0. 
Analogous short exact sequences were obtained in |32| §3.1 for the functor : 

-> LiSP 3 (A) -»• Lir 3 (A) -> (Tor (A, Z/2) <g> A Z/2) Tor (A, Z/3) -> (2.27) 
L 2 SP 3 (A) -> L 2 r 3 (A) Tor(A,Z/2) ® Tor(A,Z/2) -> 

2.3. Koszul complexes. ([IS]) [M] I (4.3.1.3)). Let / : P — >■ Q be a homomorphism of abelian groups. 
For n > 1 and any k = 0, . . . , n — 1 consider the maps 

K fc+1 : A fc+1 (P) <g> 5P n - fe - 1 (Q) -> A fc (P) <g> 5P n - fc (Q) 

defined, for pj G P and qj £ Q, by: 

fc+i 

Kfc+i : Pi A • • • A pfc+i <g> • • • <?n i-> ^(-l) fc+1 ~ 4 pi A • • • A Pi A • • • A p fc+ i <g> /(pj) g fc+2 ...q n . 

i=l 

The associated Koszul complex is defined by 

Kos n (f): 0^A n (P)^A n - 1 {P)®Q K ^ 1 > P ® SP^iQ) ^ SP n (Q) ->■ . (2.28) 

Dually, one defines maps 

K k+1 :T k+1 (P)®A n - k -\Q)^T k (P)®A n - k (Q), k = 0,...,n-l 

by setting 

K k+1 : 7 n (pi) . . . jr k (Pk) (8 gi A ... A g n -fc-l ^ 

fc 

X] 7n (Pi) • • • 7rj_i (Pi) • • • lr k (Pk) ® /(Pj) A ft A ... A g„_ fc _i (2.29) 

These maps determine a dual Koszul complex: 

Kos n (f): O^r^Pj^r^tP)^^' ► P <g> A n ^ 1 (Q) ^ A n {Q) -> (2.30) 

The complexes Kos n (f) and Kos n (f) are the total degree n components of the Koszul complexes 
A(P) ® SP(Q) and T(P) g) A(Q) associated to a given homomorphism f : P —> Q. For a two-term flat 
resolution (|2,15p of an abelian group A, the complexes Kos n (f) and Kos n (f) represent the derived 
category objects LSP n (A) and LA n (A) respectively (see for example [33]). In particular, when P is 
free abelian and / the identity arrow, both complexes are acyclic. 
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1 

For n > 2, the derived category object LSP n ~ (A) (8 A may be represented, for some 2-term flat 
resolution / : L — > M of A, by the tensor product of Kos n (f) and L — > M, in other words as a total 
complex associated to the bicomplex 



A n_1 (L) <g> L - 
* 

A n_1 (L) <8 M 



- L <g> SP n ~ 2 (M) <8 L - 
t 

L®SP n - 2 (M)®M- 



SP n ~ l (M)®L 
t 

5P n ~ 1 (M) <g>M 



The diagram LJ n (A) LSP n 1 (A) 8^4 LSP n (A) in the derived category may therefore be 
represented by the following diagram of (horizontal) complexes: 



F n (L)C 

f 

A n (L)t 



L <8 SP n - l {M) <8 M 

f 

L <8> SP n ~ 2 {M) ® M S , P n-1 (Af) <8> L 
>- L ® 5P n-1 (M) 



>- J n (M) 

f 

SP n ~ 1 {M)®M 



(2.31) 



The upper line 



Y n (L) 



L®SP n ~ 1 {M)^,M 



J n (M) 



(2.32) 



in this diagram is a Koszul complex for the functors J n and Y n . A similar diagram, whose lower line 
is the dual Koszul complex (|2.3Up for n = 3 is described in appendix lAl below. For Koszul complexes 
associated to more general Schur functors, see |34j lemma 1.9.1, [T]. 

2.4. Pensions and decalage. Consider the homomorphisms ([7] 7.4) 

Vn : A n (A) ® A n (B) -> SP n {A ® 5), 
*/„ : r n (4) (8) 5P n (5) -> S*P n (A <8 fl). 

These are characterized as the unique homomorphisms for which the corresponding diagrams 

■'/. 



A n (A) <8 A n {B) 



(® n (A)) <g> (<8> n (B)) 



An 



SP n (A®£) 

/n 



r n (^)0 5P n (B) 

(® n (A)) ® (® n (B)) 



SP n (A®B) 

/n 



An 



3 n (A®.B) 



commutes, with A n defined by 

X n : (oi ® • • • <8 a„) ® (&i (8) • • • ® 6 n ) i-» (ai (8 £>i) 
The map r/„ is explicitly given by the formula 



(2.33) 



in <8 Z> n ), 



at e A, hi G 23. 



(ai A . . . A an) ® (6i A . . . A b n ) i-» ^ sign(cr)(ai b u{1) ) . . . (a n (8 6 CT ( n )) 



(2.34) 



It is shown in [7J 7.6 that for any free simplicial abelian group X, the maps rj n and u n induce the 
isomorphisms of homotopy groups 



TTi(A n (X) (8 A n K(Z, 1)) -> 7Ti(SP n (A: (8 A"(Z, 1))), t > 0, 
7Ti(r n (A:) ® SP n K(Z, 2)) ->• ^(SP n (X (8 if (Z, 2))), % > 0. 



(2.35) 
(2.36) 
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so that there are natural isomorphisms 

LA n (A, m) <g> A n (Z, 1) ~ LSP n (A, m + 1), 

LT n (A, m) | SP n (Z, 2) ~ LSP n (A, m + 2). 

in the derived category. These derived pairings induce for n > 1, by adjunction with the volume 
element n-cycle in A n (Z, l) n = A n (Z n ) and the corresponding element in SP n (Z,2) respectively, a 
pair of functorial pension morphisms 

LA j (A,n)[j] — > LSP j {A,n + 1) (2.37) 

LP(A,n)[j] — ► LA j (A,n + 1) (2.38) 

in the derived category. The maps induced on homotopy groups are are of the form 

LiA j (A, n) ~ L i+j SP j (A, n + 1) (2.39) 

^(^,71) ~L i+i A J '(A,n + l) (2.40) 

The inverses of these maps are iterated boundary maps arising from the exactness of the Koszul 
complexes and are known as decalage isomorphisms [31J I 4.3.2. Composing the last two determines a 
double decalage isomorphism: 

LiTj (A, n) ~ L i+2j SP j (A, n + 2). (2.41) 

Similarly, it follows from the existence of Koszul sequences of type (|2.32p that there exist decalage 
isomorphisms 

LiYi(A, n) ~ L i+j ji(A, n + 1) (2.42) 
between the derived functor of J 3 and Y J for all j,n > 0. 

3. The de Rham complex and its dual 



Let A be an abelian group. For n > 1, let D™(A) and C™{A) be the complexes of abelian groups 
defined by 

Df(A) = SP\A) A n -\A), 0<i<n, 
C?(A) = A { (A) T n _i(A), 0<i<n, 

where the differentials d? : Df(A) -)■ D^A) and di : C\ l (A) -> Cf^A) are: 

i 

d\(bi ...bi)® b i+ i A • • • A b n ) = ^(&i • • • Sjt . . . ft,-) g) b k A A • • • A 6 n 

fe=i 

i 

d»(6i A • • • A 6i g) X) = ^(-1)% A • • • A b k A • • • A b { ® b k X 

k=l 

for any X € T n _i{A). The complex D n {A) is the degree n component of the classical de Rham complex, 
first introduced in the present context of polynomial functors in |27| and denoted £l n in |28| . The dual 
complexes C n (A) were considered in [32J. We will call them the dual de Rham complexes. 

We will now give a functorial description of certain homology groups of these complexes C n (A). 

Proposition 3.1. Let A be a free abelian. Then 

(1) |28| For any prime number p, HqC' p {A) = A (g) Z/p, and HiC p {A) = 0, for all i > 0; 
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(2) |32| There is a natural isomorphism 

H C n (A)^ F n/p (A®Z/p). 

p\n, p prime 

A proof of proposition 13.11 (2) is given in |41| . 

The higher homology groups HiC n (A) are more complicated. The following table, which is a con- 
sequence of the main theorem in |41j . gives a complete description of HiC n (A) for n < 7 and A free 
abelian: 



n 


H Q C n (A) 


HxC n {A) 


H 2 C n (A) 


H 3 C n (A) 


8 


T 4 (A® Z/2) 


* 


* 


* 


7 


A&Z/7 











6 


r 2 (A®z/3)er 3 (,4(g 


Z/2) A 2 (A®Z/3) 0£ 3 (,4® 


Z/2) A 3 (A®Z/2) 





5 


A&Z/5 











4 


T 2 (A® Z/2) 


A 2 (^(g)Z/2) 








3 


A&Z/3 











2 


A®Z/2 












Table 1. 



For example, the isomorphism 

/ : A 2 (A® Z/2) -> FiC7 4 (^) 
is defined, for representatives a, b € .A of a, b € A (g) Z/2, by 

/ : a ® 5 i->- a <g> 072(6) - 6 ® 672(a)- 



(3.1) 



3.1. Comparing the de Rham and Koszul complexes. For any free abelian group A, consider 
the following natural monomorphism of complexes: 



Kos n {A) : 



C n {A) : 



A n (A) 



A n - 1 (A)(g)A 



A n {A) < ^ A n - 1 (A)(S)A 



A^Tn.tiA) 



SP n (A) 



T n (A) 

(3.2) 



Let us denote the cokernel of this map by D n (A). We have 

D n (A) : A n ~ 2 (A) ® W 2 (A) -> A n " 3 (A) ® W 3 (A) ->...-> A <g> W n _ 1 ( J 4) W n (A) 
where 

W n (A) = coker{5P n (^) -> r n (A)} 
Since Koszul complex is acyclic, it follows that 

HiC n (A) ~ HiD n (A), n > 0. 
Proposition 13. II implies that the sequence: 

0^48,482/2^^3(71)^^82/3^0 (3.3) 
is exact (and splits naturally). For every n > 2, m > 0, we obtain the natural exact sequence: 

-> LSP n {A, m) -> LF n {A, m) -> LW n (A, m) -> (3.4) 
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Passing to homotopy groups and applying the decalage isomorphisms (|2.39p . (|2.40p . this yields the 
long exact sequence 

► LiSP n (A, m) -»• L i+2n SP n (A, m + 2)^ UW n {A, m) -> 

Li^SP n (A, m) -> L i+2n SP n (A, m + 2) -)■ Li-iW^A, m) -)■ . . . (3.5) 

Let X be a free abelian simplicial group and fc > l,n > 2 be integers. If TVi(X) = 0, i < k, then by 
EU, Satz 12.1 

for i < n, when k = 1, 
for i < fc + 2n — 2, provided > 1. 

We will make use of exact sequence (j3.5|) and of the assertion (|3.6p in order to compute derived functors 
of polynomial functors of low degrees. 



7T i (SP n (X)) = 0, 



(3.6) 



4. Derived functors of quadratic functors 

For every abelian group A, the exactness of the sequence (|2.26p implies that W2(A) — A ® Z/2. 
Since this functor is additive, it follows immediately that 

A <g> Z/2, i = m 
LiW 2 {A, m) ~ I Tor(,4, Z/2), i = m + 1 
0, i ^ m, m + 1 

for all m. Let us define a new functor A 2 (A) by: 

A 2 (^4) := A 2 (A) Tor(A Z/2). (4.1) 

The long exact sequence f|3 . 5[> . the connectivity result ()3.6p . and the decalage formulas (|2,39p and (|2.40p 
produce the following complete description of the derived functors of the symmetric power functor SP 2 . 

Proposition 4.1. 

(SP 2 (A), i = 0, n = 
S 2 {A), i = l, n = 



LiSP 2 (A,n) 



A 2 (A), 



2, n = 1 



n— li 

n + 2[2fi] + l, i / 2n 



A (8) Z/2, i = n + 2,n + 4,... ,n + 2[- 2 
Tbr(A,Z/2), t = n + 3,n + 5,, 
r2^4), i = 2n, even 
X 2 (A), i = 2n, n^l odd 
R 2 (A), i = 2n+l, n/0 even 
S7 2 (^4), i = 2n + 1, n odd 
k for all other i. 

We will only sketch the proof of this computation in the present quadratic situation, and will discuss 
the more elaborate case of cubical functors in the following section. These quadratic results were also 
obtained in [5] §4 by a different method (see also [40j §A.15). 

Proof: The first two equations follow from the definitions. By double decalage (I2.4ip . there is an 
iterated isomorphism 

r 2 (A) = L T 2 (A,0) ~ L i SP 2 {A,2) 
which determines the sixth equation above for n = 2. The general case of the sixth equation then 
follows by induction when we consider the isomorphism L 2n SP 2 (A,n) ~ L 2n+2 SP 2 (A,n + 2) from 
(13. 5p for n even. Decalage also implies that 

A 2 A~ L 2 SP 2 {A,1) 
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and the sequence (|3.4p then determines a short exact sequence 

-> L 2 SP 2 (A, 1) -> L 2 r 2 (A, 1) Tor(A, Z/2) -»• 
Consider the following diagram, in which the vertical arrows are the suspension maps: 
>- L 1 SP 2 A >■ L 1 T 2 {A) Tor(A, Z/2) 







L 2 SP 2 (A,1) 



i 2 r 2 (4,i) 



Tor (A, Z/2) 







The left-hand vertical arrow is trivial by |21| corollary 6.6, since all elements of L\SP 2 A are in the 
image of the arrow (|2.19|) (n = 2). The lower sequence is therefore split since it is a pushout by the 
trivial map, and a diagram chase makes it clear that this splitting is functorial. This proves the seventh 
equation in proposition (|4.1|) for n = 3 by the double decalage isomorphism 

L 2 T 2 (A,l)~L 6 SP 2 (A,3) 



The general case of the sixth equation now follows by induction since (|3.4|) and decalage imply that 

LiSP 2 (A, n) ~ LiT 2 (A, n) ~ L i+4 <SP 2 (.4, n + 2) 

for all n. A similar discussion, in the next degree, shows that the seventh and eight equations are also 
satisfied. The remaining fourth and fifth equations are proved by considering once more the sequence 
(|3.5|) . and observing that the functors LiSP 2 (A,n) vanish by |21j whenever i is sufficiently large. □ 



,n + 2[2fi] + l, i + 2n 



As a corollary, one finds that this computation (and even the inductive reasoning that led to it) can 
be carried over by the decalage isomorphisms (|2.39|) . (|2.4ip to the derived functors of A 2 and T 2 . We 
simply state the result: 

'A 2 (A), i = 0, n = 0, 
A <8) Z/2, i = n + l,n + 3. 
Tor(A,Z/2), i = n + 2,n + 4,...,n + 2[^yi] 
^(A), i = 2n, n odd 
A 2 (^4), i = 2n, even 
#2 (A), i = 2n + 1, n odd 
f&2(A), i = 2n + 1, n even 
for all other i. 



LjA 2 (A,n) 



(4.2) 



f A. 



5/2, i = n,n + 2,...,n + 2[2=i] 



Tor(,4,Z/2), i = n+ l,n + 3, 
r 2 (A), z = 2n, n even 
A 2 (yl), i = 2n, n odd 
i? 2 (A), i = 2n + 1, n even 
f2 2 (A), i = 2n + 1, n odd 
for all other i. 



n > 
2 



,n + 2[^±] + 1, n > 0, i ^2n 



(4.3) 



5. The derived functors of certain cubical functors 
It follows from (|3.3p that 

W 3 {A) = (A®A® Z/2) e(A(g> Z/3), 



(5.1) 
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and this derives to an isomorphism 



LW 3 (A) ~ (A d A ® Z/2) © (4 ® Z/3) 



(5.2) 

in the derived category, from which the values of LiW 3 {A) follow immediately (consistently with the 
two equations (|2.27|) ). This implies that 

'A® Z/3, i = 1 

A®A®Z/2eToi(A,Z/3), i = 2 
LiW 3 (A,l)= { Tbri(A,A,Z/2), » = 3 (5.3) 
Tar 2 (A,jl,Z/2), t = 4 
0, for all other i 



and, for n > 1: 



LiW 3 (A,n) 



' A&Z/3, i = n 
Tor(A,Z/3), i = n + l 
A ® A <gi Z/2, i = 2n, 
Tori (A A Z/2), i = 2n + l, 
Tor 2 (A, A, Z/2), i = 2n + 2, 
0, for all other i. 



(5.4) 



We will now use this computation in order to determine the derived functors of SP 3 in all degrees. 
Let X be a free abelian simplicial group. The natural map of simplicial groups 

E : SP 3 (X) ® K (Z, 2) -> SP 3 (X <g> K(Z, 2)) 

induces the pairing map [8j: 

e 3 : 7Ti5P 3 (X) ® ff 6 iC(Z, 2) -> 7r i+6 SP 3 (X K(Z, 2)) 
Observe that the following diagram is commutative: 

£3 



^SP 3 (X) 



7r i+6 5P 3 (X^^(Z,2)) 



7r 4 r 3 (x) — Tr i+6 (r 3 {x)®sp 3 K(z,2)) 

where the right hand vertical arrow is the homomorphism (j2.36|) . It follows from f|3 . 5[> . (|5.3p and ([57 
that the maps 

e 3 : LiSP 3 (A, n) -> L i+6 SP 3 (A, n + 2) 
are isomorphisms for , i 7^ n — l,n, n + 1, n + 2, 2n — 1, 2n, 2n + 1, 2n + 2. In addition the sequence 

-> L 2n+2 SP 3 (A n) -> L 2n+8< SP 3 (A, n + 2) -> Tor 2 (A, A, Z/2) 

L 2n+1 SP 3 (A, n) -»■ L 2n+7< SP 3 (A n + 2) -> Ton (A A, Z/2) -> 
L 2n SP 3 (A, n) -> L 2n+6 SP 3 (,4, n + 2) -> yl ® A ® Z/2 -> 

L 2n _iSP 3 (,4, n) -> L 2n+5< SP 3 (A n + 2) (5.5) 

is exact by (|3.5p . Furthermore, for n > 1, 

L n+7 SP 3 (A n + 2) ~ Tor (A, Z/3) 
L n+6 SP 3 (A, n + 2) ~ A ® Z/3 
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by (|3.6p . Finally, according to [8 J corollary 4.3 , the pension maps 

e 3 : LiSP 3 (A, n) -> L i+6 SP 3 (A, n + 2) 

are split injections, for alH > and all n > 1. The long exact sequence (|5.5p therefore decomposes for 
n > 1 into short exact sequences: 

^L 2n+2 SP 3 (,4, n) -> L 2n+8 SP 3 ^(^, n + 2) ->• Tor 2 (A A, Z/2) -)• 

^L 2n+:L SP 3 (,4,n) -> L 2n+7 S'P 3 ^(^,n + 2) -»• Tori (A, A Z/2) ^0 

— s>L 2n SP 3 (A, n) -> L 2n+6 SP 3 (yl, n + 2) -> 4 yl ® Z/2 -> 

and an isomorphism 

L 2n+5 SP 3 (A n + 2) ~ L 2n _xSP 3 (A n). 

Example 5.1. Since the values taken by the derived functors of W3 in (|5.3p and (|5.4jl are distinct, we 
must consider the implications of (|5.3p separately. Observe that exact sequence (|3.5[) and the equations 
(|5.3p imply that 

L 11 SP 3 (A,3) = n 3 (A), 

L 8 SP 3 (A, 3) = A ® A ® Z/2 Tor(A, Z/3), 

L 7 5P 3 (A,3) = A®Z/3, 



and that the groups LiSP 3 (A, 3) for i = 9, 10 live in the long exact sequence 
-> LiA 3 (,4) -> L 10 SP 3 (A 3) -> Tor 2 (A, A, Z/2) A 



The diagram 



A 3 (AY 



A 3 (A) % L g SP 3 (A, 3) -> Tori (A A, Z/2) -> . (5.6) 
-® 3 (A 



</3 



L 3 SP 3 (A 1) 



L 3 r 3 (A,i) 



fa 



L3 ® 3 (A, 1) 



commutes, where the left-hand vertical arrow is the map (|2.39|) . and the right-hand one the corre- 
sponding obvious decalage map for tensor powers. It follows that the composite map 

e 3 : A 3 A — ► L 3 T 3 (A, 1) ~ L 9 SP 3 (A, 3) 

is injective so that the boundary map d in (|5.6p is trivial. The complete description of the LiSP 3 {A, 3) 
is therefore given by 

(n 3 (A), i = n 

A® A® Z/2® Tor(A, Z/3), i = 8 
A® Z/3, i = 7 
{0, i ^ 7,8,9,10,11 

and the exactness of the sequences 

-> LiA 3 (A) -> Li 5P 3 (A,3) -> Tor 2 (A, A, Z/2) -> 

-> A 3 (A) L 9 SP 3 (A 3) -> Tori(A, A, Z/2) -> . 

The discussion in example 15 . 1 1 does not only apply to the derived functors LiSP 3 (A,n) with n = 3. 
The corresponding assertion for a general n is the following one: 



LiSP 3 (A,3) = < 
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LiSP 3 (A,n) = < 



Theorem 5.1. Case I: n > 3 is odd. 

A ® Z/3, ra + 4 < i < 2n + 2, i - n = mod 4 
Tor(A, Z/3), n + 4 < i < 2n + 2, i - n = 1 mod 4 
A <g> A (8) Z/2, i = 2n + 2, n = 1 mod 4, 
Tor(A, Z/3) A (8> A ® Z/2, i = 2n + 2, n = 3 mod 4 
Tori (A, A, Z/2), 2n + 3<i<3n-2, i-n = 2 mod 4, 
A <8 Z/3 Tori (A, A, Z/2), 2ri + 3 < i < 3ra - 2, i-ra = mod 4, 
fig (A), i = 3n + 2, 
0, for all other i. 

In addition, the folllowing sequences are exact: 

-)■ Tor (A, Z/3) A <8 A ® Z/2 -> L;SP 3 (A, 3) -)■ Tor 2 (A, A, Z/2) -)■ 0, 
2n + 4 < i < 3n — 1, z — n = 1 mod 4 

->• A <g> A ® Z/2 -»• LiSP 3 (A, n) Tor 2 (A, A, Z/2) 0, 
2n + 3 < i < 3re — 1, i — n = 3 mod 4, 

LiA 3 (A) -> L 3n+ iSP 3 (A,ra) -> Tor 2 (A, A, Z/2) 

A 3 (A) -»• L 3 „5P 3 (A,n) Tori (A, A, Z/2) -> 0. 

Case II: n > 3 is even. 

'A ® Z/3, ra + 4 < z < 2ra + 2, i - n. = mod 4 
Tor(A,Z/3), n + 4<i<2n + 2, i-n = l mod 4 
A <8 A <g> Z/2, i = 2n + 2, n = mod 4, 
A (8 Z/3 A (8 A (8 Z/2, i = 2n + 2, n = 2 mod 4, 
Tor(A,Z/3) Tori (A, A, Z/2), 2n + 3 < i < 3rt - 1, i - ra = 1 mod 4, 
Tori (A, A, Z/2), 2ra + 3 < i < 3n - 1, z-n = 3 mod 4, 
Lir 3 (A), t = 3n + 1, 
P 3 (A), i = 3n + 2, 
0, for all other %. 

In addition, the following sequences are exact: 

-»■ A (8 Z/3 A (8 A (8 Z/2 -> Lj5P 3 (A,n) -> Tor 2 (A, A, Z/2) -> 0, 
2n + 4 < i < 3ra - 2, i — n = mod 4 

-> A (8 A (8 Z/2 -> L i( S"P 3 (A, n) -> Tor 2 (A, A, Z/2) -> 0, 
2n + 4 < i < 3ra - 2, i-n = 2 mod 4, 

-> T 3 (A) L 3n 5P 3 (A,n) Tor 2 (A, A, Z/2) -> 0. 



L^P 3 (A,n) = < 



The corresponding description of the derived functors of A 3 and T 3 now follow by the decalage 
isomorphisms (f2~39|) . ([2~l4"0]) , 



6. Some derived functors of SP 4 . 



We will now make use of the computation of the homology of the dual de Rham complex C 4 (A) 
in proposition 13.11 in order to investigate some of the derived functors of SP 4 . For A a free abelian 
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group, we now consider the following diagram with exact rows and columns, which extends diagram 
([22]) when n = 4: 

A 4 (A) C »- A 3 (A) ® A ^ A 2 (A) ® SP 2 (A) A ® SP 3 (A) — ^ SP 4 (A) 

II II f f f 
A 4 (A)< A 3 (A) ® A A 2 (A) ® r 2 (A) A r 3 (A) r 4 (A) 

A 2 (A) ® A ® Z/2 — A ® W 3 (A) ^ W 4 (A) 

By proposition I3.1| this determines a functorial diagram of exact sequences 

SP 2 {A) ® A® Z/2 (6.1) 
f 

ffi£> 4 (A) c > (A ® W 3 (A))/im(A) W 4 (A) — ^ T 2 (A ® Z/2) 

A® A® Z/3 
The map (|3. 1 j) defines canonical isomorphisms 

HiD A (A) ~ FiC 4 (A) ~ A 2 (A ® Z/2) ~ Li,SP 2 (A ® Z/2). 

Let us define a map 

5 : A 2 (A® Z/2) ->• SP 2 (A) ® A ® Z/2 (c (A ® W 3 (A))/im(A)) 
as follows, where a, 6 are representatives in A of the classes a and 6: 

5 : a A 6 h-> aa ® 6 - 66 ® a, a, 6 € A, o,ki® Z/2. 
It follows from this discussion that diagram ()6.ip induces a short exact sequence 

o ^ti^ty 2 ® ^ ^ a ^ z/s ^ wm) f2{a ® z/2) -+ °- 

The filtration on T^(A) provided by this description of W^A) is consistent with that in |32| proposition 
3.1.2. Together with long exact sequence (|3.5|) . it allows one to compute derived functors of the functor 
SP A by comparing them to those of r 4 and taking into account the double decalage. For example, one 
finds: 

L 9 SP 4 (A,3) ~ A® Z/2, 

L 10 SP 4 (A, 3) ~ A ® A ® Z/3 A 2 (A ® Z/2) Tor (A, Z/2), 
Li 5P 4 (A,4) ~ A® Z/2, 
Ln5P 4 (A,4) ~ Tor(A,Z/2). 

7. Lie and super-Lie functors 
We will now consider the structure theory of Lie and super-Lie functors. 
7.1. The third Lie functor. For any free abelian group A, consider the Koszul resolution: 

-> A 3 {A) -»• A 2 {A) ®A^ A®SP 2 (A) ^ SP 3 {A) -> 0, (7.1) 
in which the map / is defined by 

/ : a A 6 ® c i— a ® 6c — 6 ® ac, a, 6, c € A 

It decomposes as 

A 2 (A)®A — ^ A® A® A — ^ A®5P 2 (A) (7.2) 
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where 

u:aAi®cH-a06®c - 5®a®c - c®a®b + c®b®a, (7.3) 
v : a ® 6 ® c h-> a ® 6c, a,b,c £ A. 

Since the expressions u(a A 6 ® c generate £ 3 (A), the long exact sequence (|7.1j) decomposes as a pair 
of short exact sequences 

0^ A\A) ^ A 2 (A)®A^ L 3 (A) ^0 (7.4) 

0^L 3 (A) ^A®SP 2 (A) ^SP 3 (A) -+0, (7.5) 



In particular the map 



L 3 (A) J 3 (.4) 
[a, 6, c] i >■ (a, 6, c) 



induced by p% (|2.8|) is an isomorphism. 



Remark 7.1. i) The sequences (j7.4|) and (|7.5p both remain exact for an arbitrary group A. Indeed, 
(|7.5p derives for any A to long exact sequences, and the arrow 

7Ti ^A ® LSP 2 A^ — > L 1 SP 3 A 

is surjective, as follows from the presentation (|2,20p of L\SP 3 A. 
ii) There is a natural isomorphism 

L 3 (A) ~ E 3 (A) := ker{r 2 (A) ® A -> T 3 (A)} , (7.6) 
as follows from the following prolongation of part of diagram (|3.2p for n = 3: 

7Ti ( A ® A ® Z/2 V »- 7Ti ( A ® A ® Z/2 J 9 Tor(A Z/3) (7.7) 



t I 

£ 3 (A) C SP 2 (A) ® A - SP 3 (A) 

It I 

s 3 (A)c r 2 (A) ® a »- r 3 (A) ^ a ® z/3 

f f II 

A ® A ® Z/2 ^ (A ® A ® Z/2) © ,4 ® Z/3 >■ A ® Z/3 

7.2. The Curtis decomposition. We will now consider higher Lie functors. Curtis gave in |15] (see 
also |40j) a decomposition of the functors £ n (A) into functors SP n , J n and their iterates. For example, 
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when A is a free abelian group we have the following decompositions in low degrees: 

L\A) =A (7.8) 

L 2 {A) =J 2 (A) 

L 3 (A) =J 3 (A) 

£\A) =J 2 (J 2 (A))ffi J 4 (A) 

L 5 (A) =(J 3 (A) © J 2 {A)) © J 5 (A) 

l 6 (a) =j 3 (j 2 (A)) © J 2 (J 3 (A)) © (J 4 (A) © j 2 {a)) © j 6 (a) 

L 7 (A) ={J 3 (A) &> SP 2 {J 2 {A))) © (J 5 {A) © J 2 {A)) © {J 2 {J 2 {A)) ® J 3 (,4)) 

© (J 4 (.4) © J 3 (,4)) © J 7 (A) 
L S (A) =J 2 (J 2 (J 2 (A))) © J 2 J 4 © (J 3 (,4) © J 2 (A) © J 3 (A)) 

© J 5 (.4) © J 3 (A) © J 4 (J 2 (A)) © (J 4 (A) © SP 2 {J 2 {A))) 

© (J 6 (,4) © J 2 (.4)) © J 8 {A) 



We will refer to these descriptions of the Lie functors as their Curtis decompositions. It should 
be understood that the splittings into direct sums displayed here are not functorial, and that all that 
exists functorially are nitrations of the L n (A), whose associated graded components are the expressions 
displayed. As a matter of convenience, we will nevertheless refer to these expressions as summands of 
the Lie functors. We have already come across the cases n = 2, 3 of these decompositions (prop. \2.1\) . 
The next two cases are the short exact sequences 

^A 2 A 2 (.4) -»• L\A) ^ J A {A) -»• (7.9) 
-^A 2 (A) © J 3 (.4) £ 5 (A) ^ f°(A) 0, (7.10) 

where the left-hand arrows are respectively defined by 

(a A b) A (c A d) i-> [[a, 6], [c, d]] 
(a A b) © (c, d, e) h-> [[a, 6], [c, d, e]] . 

It is a general fact that the final term in the decompostion of L n {A) is always J n (A), the projection 
of L n {A) onto J n (^) being the map p n (|2~8|) . 



7.3. Super-Lie functors. We will now define super-Lie functors 

L n s : Ab -> Ab, n > 1. (7.11) 

Definition 7.1. [35] yl graded Lie ring with squares (GLRS for short) is a graded abelian group 
B = ®°^ Bi with homomorphisms 

{ , }:B i ®B J ^B l+j , (7.12) 

[2] : B n -»• £ 2n /or n odd (7.13) 
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such that the following conditions are satisfied (for elements x € Bi, y € Bj, z G B^): 

1) {x,y} + (-lf{y,x} = (7.14) 

2) {x, x} = for i even 

3) (-lf{{x, y}, z} + + {{*, y} = (7.15) 

4) {x,x,x} = 

5) (ax) [2] = a 2 x [2] for i odd, a € Z 

6) (x + y)^ = x^ + y^ + {x, y} /or i = j odd 

7) {y, x^ } = {y, x, x} fori odd. (7.16) 

For an abelian group A, define £ S (A) to be the graded Lie ring with squares freely generated by A in 
degree 1. It may be defined as a GLRS together with a homomorphism of abelian groups I : A — > L S (A) 
such that for every map / : A — > B with B a GLRS, there is a unique morphism of GLRS d : L S (A) — > B 
such that f = d o I. The abelian group L S (A) is naturally graded by L S (A) = ©^ =1 L™(A) and for 
any x € £ S (A), we set |x| = n whenever x E £™(A). The nth graded piece L™(A) is called the nth 
super-Lie functor applied to A. In particular, there is a natural isomorphism 

r 2 (A) ~ L 2 S (A) 
72(a) h-> a' 2 ^ 

analogous to (|2.1ip . 

For any free abelian group A, the natural monomorphism 

z n : ® W (A), 
is defined inductively on homogeneous elements by 

{x,y} i-» z\ x \{x) ® z\ y \{y) - {-l)^ z\ y \(y) ® z\ x \{x) , 
x [2] i-> «| a |(a;) ® ^|x|(^)- 

7.4. The third super-Lie functor. We will now adapt the discussion of section [7TT1 to the context of 
the super-Lie functors. The relations (I7.15P and (|7.16p imply that the group £j 3 (A) can be identified 
with the subgroup of A (g) A ® A generated by the elements 

a<S>b®c + btgia®c — c <g) a <X> 6 — c®b<S> a, a,b,c € A, (7-17) 

which are the super analogues of the generators (gjZ} of L 3 (A). Let us now show that there is a natural 
isomorphism 

L 3 S (A) ~ Y 3 (A) (7.18) 
{{a, b}, c} i-> a <S> b A c + b <g> a A c, a,b,c £ A. 

Consider, for any free abelian group A, the Koszul resolution Kos 3 (A) (|2,3U|) 

-> r 3 (A) -4 r 2 (4) ® A 4 A <g> A 2 (A) -> A 3 (,4) -> 0, (7.19) 
where the maps / and i are defined by 

/ : 72(a) <g> b H> a ® a A 6, a, & G ^4 



73(a) i->- 72(a) ® a, oGi 

72(0)6 h-> 72(a) ® 6 + aft <g> a, a,fee A 
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The map / factors as 

T 2 (A)(g)A A® A® A A®A 2 (A) (7.20) 



where 



It follows that 



u:72(a)®6i— *-a®a®o — 6 ® a ® a, 
v : a®b®c^a®bAc, a,b,c € A. 



u(ab ® c) = {{a, b}, c}, a,b,c£A 
so that (|7.19|) decomposes as a pair of short exact sequences 

o -> r 3 (A) r 2 (A) ® 4 -> £2 (A) -> o 

0->£ 3 (A) A® A 2 (A) A 3 (A) ->-0. (7.21) 

It follows from the presentation (|2,24p of L\A 3 A that these two sequences remain exact when A is an 
arbitrary abelian group. 

7.5. Higher super-Lie functors. There exists a decomposition of super-Lie functors, analogous to 
the Curtis decomposition of Lie functors, which we will now describe in low degrees. We begin by 
defining inductively an extension of the Lie super-bracket (|7.12|) to left-normalized n-fold brackets, by 
setting 

{ai,...,a n } = {{ai,...,a n -i},a n }. 

The relations (|7.14p . (I7.15P and (|7,16p imply that the group £™(A) is generated by the elements 
{oi, . . . , a n } and 6^ for all 04 € A, and all b G £g(A) (with k odd and n = 2k). 

For all n > 2 and abelian group A, the natural epimophism p n : L™(A) — > Y n (A), is defined by 

{ai, a 2 , . . . , a n } ^ o>\ ® a 2 A • • • A a n + a 2 ® 01 A 03 A • • • A a n (7.22) 

6 [2] M. 0. (7.23) 

Proposition 7.1. For any free abelian group A, the sequence of abelian groups 

-> A 2 r 2 (A) A Lg(A) H A ® A 3 (A) -> A 4 (^) -> (7.24) 

zs exact, with j and p^ respectively defined by 

j : 72 (ai) A 7 2 (a 2 ) h-> {ai, a 2 , ai,a 2 } (7.25) 
p4 : {ai, a 2 , 03, 04} i-> «i ® a 2 A 03 A 04 + a 2 ® ai A 03 A 04, 

The relations (|7.14p and (|7.15p imply that 

{ai,o 2 , ai,o 2 } = — {a 2 , ai,a 2 , ai}, ai,a 2 € A. 

In addition 

j : (72(0 + &) -72(a) -72(6)) A 72(c) H> {a,c, 6,c} - {6,c, a,c}, a,b,c £ A 
so that the map j is well-defined. 

Remark 7.2. For an arbitrary abelian group A, the sequence (|7.24p must be replaced by: 

-> A 2 Y 2 (A) -> £ 4 (A) — > A ® A 3 (,4) -»• A 4 (A) -> 0. (7.26) 
and the following long exact sequence describes the relation between the functors r 2 and Y 2 : 
-> i? 2 (A) -> Tor (A, A) -> fi 2 (A) -»■ T 2 (A) Y 2 (,4) 0. 
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Let us define a functor Y n by the short exact sequence 

^Y n {A)^^£ n s {A)-^Y n {A) -0. (7.27) 

Sequence (|7.26f> asserts in particular that 

Y\A) = A 2 Y 2 (A), (7.28) 
so that we have the following super-analogue for n = 4 of the short exact sequence (|2.9[) : 



^K 2 Y 2 {A)-^L i s {A)^^Y 4 {A) -0. (7.29) 

□ 

Similarly, the short exact sequence (|7.27p for n = 5, which is the super- analogue of the decomposition 
flEEfl of L 5 (A), is described more precisely by the short exact sequence 



Y\A) T 2 {A) L 5 S (A) Y 5 (A) , (7.30) 

where the arrow h is defined by 

h : {a, b, c} ® 72(d) (->• {a, 6, c, d, 

Remark 7.3. One can show that there is a natural filtration on the term Y 6 has a decomposition 
with an associated component T2Y 3 (A), so that £^(^4) can have some 4-torsion whenever there is some 
2-torsion in the group A. In fact, this is a general phenomenon: for all k > 1, there may be some 
4-torsion in L^ k+2 {A) whenever A is a 2-torsion group, whereas there will only be 2-torsion in all other 
components of the super-Lie algebra L S (A). 

7.6. Relations between Lie and super-Lie functors. Let A be a free abelian group, and consider, 
for n > 2, the natural monomorphisms 

c n : L n (A) -> ® n A, 
z n : £™(A) -> ® n A. 

For n = 3, we have by (|7,3p . (|7.17|) . for a, 6, c G j4: 

C3 : [a, 6, c] i-> a 6 (8> c — b ® a ® c — c®a®b+c®b®a 
Z3 : {a, 6, c} i-^a®6®c-(-6(8)o(2>c — c <S> a (g) 6 — c <g> 6 <g> a. 

For any pair of free abelian groups A and 1?, and n > 2, we define a pair of morphisms 

Xn :^(A)®A n (B)^L n (A®B) (7.31) 

Xn :£ n (A)0 A n (S) (7.32) 
for ai, . . . , a n 6 A and bi, . . . ,b n & B, by 

Xn : {ai, ■ • • ,a n } <g) 61 A ■ • • A b n i-> ^ sign(cr)[ai <g> 6 ai , . . . , a n <g) b an ] 

ff£S„ 

Xn : [01, • • • ,On] ® 61 A ■ ■ ■ A b n (-)■ sign(a){ai <g> b CT1 , . . . , a n ® & CTn } • 

For n = 2k with /c odd, we set 

Xn : {ai, • ■ ■ ,afc} [21 (g> &i A • ■ • A fe n i-> ^ [[ai ® , . . . , a fc 6 CT J, [ai b ak+1 ,. ..,a k ® b a2k ]}, 

creA n 
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Theorem 7.1. Let A and B be free abelian groups. The following diagrams with arrows defined by 
(pTHT]) . CL32}, ([2~H| are commutative: 



L™(A) (g> A n (B) 

Zn®g n 



Xn 



£ n (,4<8£) 



£ n (^)®A n ( J B) -^U- ££(,4<g>B) (7.33) 



c n Q9g n 



An 



An 



(tgi'M) (g) (<8 n -B) — ^ (8 n (.4<8 5) 



Proof. Let us begin by considering the first diagram f|T.33[) for n = 2. The commutativity of diagram 



T 2 {A)®k 2 {B) 



X.2 



A 2 (A®B) 



Z2<X>32 



(A ® A) ® (B ® B) (A®B)®(A®B) 

can be checked directly: for any ai, G A, b±, b 2 € B: 

A 2 o (z 2 (g> ff2)(7^(ai) ® 61 A 62) = c 2 o X2 (72(^1) A b 2 ) = 
(01 <8 61) ® (ai (8) b 2 ) - (ai (8) b 2 ) ® («i ® 61). 

By induction on n, we find that 

z n <8> • • • ,o„} (8) 61 A • • • A b n ) = ^ sign(cr) z n {ai, . . . ,a n } (8 b ai <g> • • • <8> b 

ff£S n 

^ sign(cr)z n _ 1 {ai,...,a n _i}8) 

+ (-!)" si S n (°") a ™ ® z n-i{ai, . . . ,a n -i} (8) 6, 

Hence 

A n ° (zn (8 g„)({ai, . . . ,a n } <8 61 A • • • A b n ) = 



^A n _i ^2 sign(r/,j)z n _i{ai,...,o n _i}(8 6 CTl 

3=1 \?7={<Ti,...,cr n _i}6{l ) ...,j,...,n} 



3=1 



• • <8 6<j„_ 1 ) (",, 6, ) 

sign(j, 77) z n _i{ai, . . . , a n _i} <g> b CTl g> • ■ • <8> &<7„_i 
sign(r?, j) (cn-i [a% <8 b ai , . . . , a n _i (8 &*•„_! ] <8 (a n (8 b,) 



E 

yjj={o-x,...,(Tn_i}e{l,...J,...,n} 



= E< E 

3—1 n={o-i,...,cr n _i}e{l,...,i,...,n} 

(a n (8 6j) <8 c„_i[ai 6^,.. . ,a n _i (8 b^.J)) = 
^ sign(cr) c„[ai (8 b CT1 , . . . ,o n (8 b CT J = c n o Xn({ai, • • • , a n } <8 61 A ■ ■ ■ A b n ) 

One can prove in a similar manner that 

C2k X2fc({«i, • • • ,afc} [21 <8 bi A • • • A b 2fc ) = A 2fe o (z 2 k <8 52fc)({«i, • • • ,a k } [2] <B> h A • • • A 6 2 fc) (7.34) 

for an odd fc, so that the commutativity of the first diagram (|7.33f> is proved. The commutativity of 
the second diagram is proved in a similar manner: for n = 2, it follows from the commutativity of the 
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diagram (|2.33p and one then simply repeats the previous computation for a general n, with appropriate 
changes in the signs of the various expressions. □ 

For any pair of abelian groups A, B, we define as follows a natural arrow: 

(3 n : Y n {A) <g) A n (B) ->■ J n (A ® B) (7.35) 

Pn ■ Pn{ai, ■ ■■ ,a n } (g> h A ■ • • A b n i-> ^ sign(cr)p n [ai <g> 6 CT1) . . . , a n <g) 

ai, . . . ,a„ G A, 6i, . . . ,b n E B. 
Proposition 7.2. There is a natural commutative diagram with exact columns 

Y n (A) <g> A n (B) — ^ J n (A <g> B) 



A <g> k n ~ l {A) ® A n (B) —V (A ® B) g> SP™" 1 ^ ® 



A n (A) ® A n (B) 5P n (A ® B) , 

where the map rj n is defined by (|2.34p and 77^ is 6y 

: ai <g> a 2 A • • • A a n ® b\ A • • • A b n i-> V] sign(cr) (ai (8) 6 CT1 ) (g) (a 2 ® b a2 ) . . . (a n ® 6 CTri ) . 

The proof of this proposition follows directly from the definition of the various maps. 

8. Derived functors of Lie functors 

It is asserted in |45) that if p is an odd prime then the groups L n+ fc£ p (Z, n) are p-torsion for all k, 
and in particular 

r rv (7 ^-/ Z /P' fc = 2*(p-l)-l, t = l,2,...,[n/2] 
I 0, otnerwise 

In the next three subsections, we will give a direct proof of this fact for p = 3, in other words show 
that 

W3 (z ,„ ) = M* = «-M = l,2,...,[n/2] 
I 0, otnerwise 

and we will more generally compute in theorem 18.11 the derived functors L n+ kL^(A,n) for a general 
abelian group A. Note that the derived functors of the Lie functors L q are complicated when q a 
composite number, and we refer to |40| . page 280 for a description of these in low degrees. One finds 
for example that 

fz/2, i = 4,5,7 
10, M 4,5,7 



£rC 8 (Z,l) 



The gap in the homotopy groups which occurs here for i = 6 is the illustration of a general phenomenon 
which, as we will see for example in (|8.16p . also occurs in more elaborate contexts. 
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Returning to the p = 3 case, let us first observe that for any abelian group A the exact sequence 
([7.5|) derives to a long exact sequence 

► L i+1 L 3 (A,n) -> [A[n] ® LSP 2 (A,n) J -> L i+1 SP 3 (,4, n) -> 



Li£ 3 (^, n) -)■ 7Tj f A[ra] ® LSP 2 {A, nU -► LiSP 3 {A, ra) . . . (8.3) 

In addition, the isomorphism (|2.42|) implies that 

Ljy 3 (A, n) ~ L i+3 £ 3 (A, n + 1), for all i > 3. (8.4) 

8.1. The derived functors LiL 3 (A). The Koszul sequence (|2.32|) associated forn = 3 to a flat 2-term 
resolution / : L M of an abelian group A may be written as follows: 

£ 3 (L) 4I8M®i4l«M«M4 £ 3 (M) £ 3 (,4) -4 

where 

6(1 <g> m g> l') = I® m ® /(/') + Z' 8) /(Z) <g> m - Z <g) /(/') <8> m, 1,1' €L,me M. 

The three middle terms constitute a complex which represents the object LL 3 (A) of the derived 
category. In particular, if one considers the resolution Z ^> Z of Z/m, one finds that 



Li£ 3 (Z/m) 



Z/m, i = 1, 
0, * / 1 



By (|2.20p . the natural transformation Tor(§2(^4)j -A) — ^ §3(^4) is an epimorphism. More generally, the 
exact sequence (|8.3p provides the following description of the derived functors of £ 3 : 



L 2 £ 3 (,4) = ker{Tor(S 2 (A),A) -4 S 3 (A)} 

-> fcer{S 2 (A) ® A -> L 1( SP 3 (A)} -> L X £ 3 (A) -4 Tor(5P 2 (^4), A) ->■ 
L;£ 3 (A) = 0, i > 2. 

8.2. The derived functors LiL 3 (A, 1). Similarly, the short exact sequence (17.21 p derives to a long 
exact sequence 

► L i+1 L 3 s (A,n) -> vr i+ i ( A[n] ® LA 2 (^,n) ) L m A 3 (A, ra) -> 



Li£ 3 (A,n) -»■ 7Ti L4[n] <§ LA 2 (yl,n) j L,A:''{A. n ) -> . . . (S.o) 
analogous to (|8.3p . For n = this reduces to the exact sequence 

o -> L 2 r 3 (A) -»■ Tov(n 2 (A), a) -»■ n 3 (A) -»■ 

Liy 3 (^4) -4 TTi (LA 2 (,4) ®iU LiA 3 (A) -4 (8.6) 



This exact sequence is consistent with the results of [10] prop. 6.15, and with the presentation (|2.24p 
of the groups LjA n (^4). The latter implies that the composite arrow 

LiA 2 (^4) ® A TTi (LA 2 (,4) ® A J -> LiA 3 (,4) (8.7) 
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is an epimorphism. The Kiinneth formula, together with the exact sequence (|8.6p . determines a 3-step 
filtration of L{Y 3 {A). Taking into account the isomorphism (|8.4|) for n = 0, we obtain the following 
description of the derived functors L{L 3 (A, 1): 

L 3 L 3 (A,1)~Y 3 (A) (8.8) 
gri L 4 L 3 (A,l) ~ 5 riLiy 3 (yl) ~ coker{Tor(ft 2 (A), A) -> n 3 (A)} 
gr 2 L 4 L 3 {A, 1) ~ gr 2 L l Y 3 {A) ~ ker{ft 2 (A) <g> A -> LiA 3 (A)} 
<7r 3 L 4 £ 3 (^,l) ~ s^iF 3 ^) ~ Tor(A 2 (A), A) 

L 5 £ 3 (A, 1) ~ L 2 Y 3 (A) ~ ker{Tor(ft 2 (A), A) -> ft 3 (A)} 



Remark 8.1. The natural map 

Tor(ft 2 (A), A) ~ 7T 2 ^LA 2 A ® A J -> n 3 (A) (8.9) 

in the exact sequence (|8.6p is in general neither injective nor surjective. This can be seen by considering 
the generators (|2.23|) of the groups f2„(A). We know by |10| (5.14) that the diagram 

r 2 ( h A)®A »r 3 ( h A) (8.io) 

Tor(n 2 (A), A) *Sl 3 (A) 



is commutative. It follows from the relation r y 2 (x)x = 3j 3 (x) in T 3 (A) that, with the notation intro- 
duced in (|2.23|) . the corresponding relation 

io 2 (x) * x = 3u 3 (x) 

is satisfied in £l 3 (A) for all x £ ^A. In particular, this implies that the arrow (|8.9|) is trivial for h = 3 
and A = 7L 3 . Moreover, it is asserted in [3] that 

LiY 3 (Z/3) = Z/9. (8.11) 
We refer to proposition I A. II for a proof by our methods of this assertion. 

8.3. The derived functors Lj£ 3 (A, 2). The decalage isomorphisms (j2.39J) and Kiinneth formula yield 
the following description of the groups 7r r (^LSPi (A, 2) ® -A [2]^ : 

vr 2i+2 ( LSP j (A, 2) ® A[2] j ~ ^-(A) ® A 



-> L^ 2 r\,(A) (gi A -> 7r 2j+i (LSP'(A, 2) I A[2]^ -> Tor(L i _ 3 r i (A), A) 0, 

i = 3, . . . , j + 1 

7r 3j+2 (LSP'(A,2) I A[2])) ~ TorCL^ir^A),^) 
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From (|2.26p and (|5.2p we have the following commutative diagram, a prolongation of (|7.7p : 



S 2 (A) ® AC — TTi LSP 2 (A) ® A 



Tor(SP 2 (A),A) 



LiSP 3 (A) 



P 2 (A) ® A c TTi Lr 2 (A) ® A 



Tor(r 2 (A),A) 



£ir 3 (A) 



Tor(A,Z/2) ®# 



■ coker((7) 



Tor(A® Z/2,A) 



12) 



(Tor(A, Z/2) ® A) Tor (A, Z/3) 

A diagram chase yields a canonical isomorphism coker(ti) ~ Tor(A,Z/3). We obtain the following 
description of a portion of the long exact sequence (|8.3|) for n = 2: 



Jfc(A) A Ljr 3 (A) L 6 £ 3 (A 2) r 2 (A) (8) A r 3 (A) A ® Z/3 (8.13) 



Here t 2 := ii o g[2], up to a double decalage map. There is a functorial direct sum decomposition of 
the term LqL s (A, 2) = L 3 Y 3 (A, 1), as can be seen from the following diagram, in which the vertical 
arrows are suspension maps: 

Tor(A, Z/3)c L 6 £ 3 (A, 2) ^ L 3 (A) 

Tor(A, Z/3) L 7 £ 3 (A, 3) 

(we refer to theorem 18.11 below for this description of LiL 3 (A, 3)). We may prolong diagram (|8.13p by 
the following exact sequence: 

-> L 8 £ 3 (A, 2) -> Tor(P 2 (A), A) -> P 3 (A) -> L 7 £ 3 (A, 2) -> ker(t 2 ) -»■ 0. 

The diagram 

Tor(S 2 (A),A)C ^ Tor (R 2 (A), A) ^ Tor 2 (A, A, Z/2) ^ ker{S 2 (A) ® A -> P 2 (A) <g> A} 

f I II 

S 3 (A)C -P 3 (A) -Tor 2 (A,A,Z/2) 

then implies that 

ker{Tor(S 2 (A), A) S 3 (A)} = ker{Tor(P 2 (A), A) P 3 (A)} 

and 

coker{Tor(P 2 (A), A) -> P 3 (A)} = ker{S 2 (A) <g> A -> P 2 (A) ® A}. 
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Taking once more into account the decalage isomorphisms (|8.4p . this provides a complete description 
of the functors Lj£ 3 (A, 2): 

L 5 £ 3 (A,2) = L 2 Y 3 (A,1) = A® Z/3 (8.14) 

L 6 £ 3 (A, 2) = L 3 Y 3 (A, 1) = £ 3 (A) © Tor(A, Z/3) 
gri L 7 L 3 {A, 2) = gnUY 3 (A, 1) = ker{S 2 (A) ® A ->• i? 2 (A) 8) A} 
5 r 2 L 7 £ 3 (A, 2) = 9 r 2 L 4 Y 3 (A, 1) = ker{i? 2 (A) L X T^A)} 
gr 3 L 7 L 3 (A, 2) = ff r 3 L 4 Y 3 (A, 1) = Tor(r 2 (A), A) 

L S L 3 (A, 2) = L 5 Y 3 (A, 1) = L 2 £ 3 (A). 

For all other values of i, Lj£ 3 (A, 2) = 0. 

As an illustration of these results, we will now give an explicit description of the isomorphism 

A® Z/3 -»■ L 2 Y 3 (A,1) = L 2 £ 3 (A,1) (8.15) 

occuring in the first equation of (|8.14p . even though this will not be used in the sequel. Consider 
the simplicial model (|2.17p of LL 3 (A, 1) associated to a free resolution (|2.15p of A. The isomorphism 
(|8.15p is induced by the map 

A ® Z/3 — s> £ 3 (L si(M) so(L))/do(n 3 =1 di) 

defined, for a chosen lifing a to M of a € A ® Z/3, by 

a i-> {si(a) 3 so(a),si(a)}. 

In order for this map to be well-defined, we must verify that 

3{si(a), so(a), si(a)} G <9o(&er(<9i) D ker(d 2 ) n fcer(<9 3 )). 

This is true since the element 

r? = 3{s 2 s (a), s 1 s (a), s 2 s (a)} - {s 2 s 1 (a), sis (o), s 2 s (a)} + {s 2 si(a), s 2 s (a), sis (a)} G 

£ 3 (s o (Ai)0si(A 1 )es 2 (Ai)e si«o(Ao) © s 2 s (A ) © s 2 si(A )) 

satisfies the equations di(rj) = 0, z = 1,2,3 and <9o(??) = 3{si(a) , So(a) , s±(a)} . 

8.4. The derived functors Lj£ 3 (A, n) for n > 3. In each of the three following commutative dia- 
grams, the exactness of the upper short exact sequence follows from proposition 14. II and the exactness 
of the lower one from theorem 15.11 For n > 3 odd: 

TTi (A 2 (A) ® A^j c vr 3m+1 f LSP 2 (A, n) ® A[n]j — - Tor 2 (A, A, Z/2) 

I 1 I 

LxA 3 (A)< L 3 „+i5P 3 (A, n) Tor 2 (A, A, Z/2) 

A 2 (A) ® A c »- 7r 3n ^L,SP 2 (A, n) ® A[n]^ ^ Tori (A, A, Z/2) 

I 1 I 

A 3 (A)C L 3n SP 3 (A, n) Tori (A, A, Z/2) 
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(i 



T 2 (A) A< ^ Tr 3n \^LSP 2 (A, n) ® A[n 

\ 

r 3 (A)< L 3m SP 3 (A, n) — 



Tor 2 (A,A,Z/2) 



Tor 2 (A,A,Z/2) 



The sequence fj8.3j) therefore determines the following exact sequences: 
Case I: n odd > 3 

-)• L 3n+2 £ 3 (A,n) -> Tor(ft 2 (A),A) -> fl 3 {A) -> 

L 3n+1 £ 3 (A,n) TTi f A 2 (A) I a\ -> LiA 3 (A) 



L 3n £ 3 (A, n) -> A 2 (A) ® A -> A 3 (A) -> L 3n _!£ 3 (A, n) 



Case //; n even 
-> L 3n+2 £ 3 (A,n) -> Tor(ft 2 (A), A) -> i? 3 (A) 



L 3n+1 £ 3 (A,n) -> TTi LT 2 (A) ® A ^ L^A) 



L 3n £ 3 (A, n) -> r 2 (A) A -> r 3 (A) -> L 3 „-i£ 3 (A, n) 



We may now summarize this discussion as follows: 



Theorem 8.1. Case I: n odd 



LiL 3 (A,n) = < 



ker{Tor(Q 2 (A), A) -»■ Q 3 (A)}, i = 3ra + 2, 

5 riL 3n+ i£ 3 (A,n) = ker{^i ^LA 2 (A) ® A \ -> LiA 3 (A)} 

gr 2 L 3n+1 L 3 (A,n) = coker{Tor(ft 2 (A), A) -»■ 3 (A)} 
y 3 (A), i = 3n 

A ® Z/3, n + 3 < i < 3n - 1, z = ra + 3 mod 4 
Tor(A, Z/3), ra + 4<i<3ra-l, i = n mod 4 



and Lj£ 3 (A,n) = for all other values of i. 
Case II: n even 

'ker{Tor(i? 2 (A), A) -»• fls(A)}, i = 3n + 2 

5 nL 3n+1 £ 3 (A,n) = ker{^ ^Lr 2 (A) ® A \ ^ LiT 3 (A)} 

gr 2 L 3n+1 L 3 (A,n) = coker{Tor(i? 2 (A), A) R 3 {A)}. 
Tor(A,Z/3) 0£ 3 (A), i = 3n 
A ® Z/3, n + 3<i<3n-l, i = n + 3 mod 4 
Tor(A,Z/3), n + 4 < i < 3n - 1, i = n mod 4 

and Lj£ 3 (A, n) = /or all other values of i. 

Note that in the computation of L 3n £ 3 (A, n) for n odd, we relied on the surjectivity of the map (|8.7|) . 



Li£ 3 (A,n) = < 
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Example. The previous discussion shows in particular that 

'Z/9, i = 16, 

L;£ 3 (Z/3, 5) = < Z/3, * = 8, 9, 12, 13, 17 (8.16) 
0, otherwise 

A functorial description of some of these groups will be given in lemma 111.11 

For a given a free abelian group A and an integer n > 2 the composite map 

L n {A) -»• ® n {A) -> L n (A) 

is simply multiplication by n ( |45| proposition 3.3). It follows that for an odd prime p, the derived 
functors Lj£ p (Z,ra) are p-groups (see (|8.ip ). The torsion part of the derived functors can be usually 
be determined by general arguments. Recall that by Bousfield [7], corollary 9.5, if T : Ab — > Ab is 
a functor of finite degree which preserves direct limits, then L q T(A, n) is a torsion group for every 
abelian group A, unless q is divisible by n. 

The p-components of the derived functors of L p and J p are connected by the following relation 
proposition 4.7): for every prime p, there are natural isomorphisms 

ir-i [Z/p ® LL p (Z,n) ) ~ ir-i [Z/p ® LJ p (Z,n) ) , i > 0, n > 2. 



However the formulas for the full derived functors LjJ p (Z,n) are more complicated than those for the 
functors Lj£ p (Z, n) (|8.ip . For example, we know by theorem 18.11 that 

L£ 5 (Z,3) ~ if(Z/5,10) 



so that by 

LJ 2 (Z, 3) (8) LJ 3 (Z, 3) ~ K(Z/3, 12). 

On the other hand LJ 3 (Z,3) ~ iT(Z/3, 6) by (|8.ip . and the values of the derived functors LjJ 5 (Z,3) 
now follow from those of £ 5 (Z, 3) and the Curtis decomposition of £ 5 . One finds: 

'Z/3, % = 13 



LiJ 5 (Z,3) 



Z/5, » = 10 
0, i / 10,13 



One can compute the groups Lj J 5 (Z, ra) for a general n by similar methods . One finds that Lj J 5 (Z, n) 
is isomorphic to Lj£ 5 (Z,n) for i > 1 and even n, and that LjJ 5 (Z, n) contains only 3-torsion and 
5-torsion elements whenever n is odd. A similar computation detects a non-trivial 11-torsion element 
in L2gJ 13 (Z, 3), whereas the corresponding groups Lj£ 13 (Z, 3) are 13-torsion for all z. 

9. Derived functors of composite functors 
Consider a pair of composable functors 

between abelian categories, and in which the categories A and B have enough projectives. In addition, 
we assume that G(A) is of finite projective dimension for each object A G A. When these functors 
are additive, the composite functor spectral sequence |47] §5.8 describes the derived functors of the 
composite functor G o F in terms of those of F and G, under the condition that the objects G(P) 
are F-acyclic for any projective object P of A (we will refer to this as the i^-acyclicity hypothesis). 
We will now carry out a similar discussion when G and F are no longer additive, in which case chain 
complexes must be replaced by simplicial abelian groups. 
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Let P* be projective resolution of an object A € A. Following the notations of |47| §5.7, we construct 
a Cartan-Eilenberg resolution P*.* of the simplicial object G(P*), with Wp m (resp. P^*, resp. P^*) the 
chosen projective resolution of B p G(P if ) (resp. Z p G(P*), resp. L p G(A)). By the Dold-Kan corre- 
spondence this yields in particular a projective bisimplicial resolution of LG(A)) which we will also 
denote by P*.#, as well as a corresponding projective simplicial model P^, for the Eilenberg-Mac Lane 
spaces K(L p G(A), p). The two nitrations on the complex associated to the bisimplicial object .FP*.* 
determine a pair of spectral sequences with common abutment n n (LF o LG(A)). The initial terms of 
the first of these are given by 

E 2 p>g = L p+q F ( K(L qi G(A), ft)) (9.1) 

as in |6j. When the functor F is of finite degree, we may decompose this initial term according to 
cross-effects of F |21] §4.18, so that the spectral sequence can be expressed as: 

E li = L p+q F {r] (L qx G(A), Ql \ . . . \L qr G(A),q r ) => ^((LF o LG)(A)) . (9.2) 

r>l qi+...+q r =q 

The .F-acyclicity hypothesis, which here asserts that LiF(G(P)) = for any projective abelian group 
P and all i > 0, implies that the morphism (LF o G)(P) — > FG(P) is a quasi-isomorphism for any 
projective object P in A, and so is the induced map 

(LF o LG)(A) — > L(FG)(A) . (9.3) 
The spectral sequence (|9.2|) can now be written as: 

E L = L p+q F [r] (L qi G(A), qi \. . . \L qr G(A),q r ) L p+q (FG)(A) . (9.4) 

r>l gi + ...+<j r =g 

Replacing the object A by the shifted derived category object A[n], in other words by the Eilenberg- 
Mac Lane object K(A,n), we may now compute under the same hypotheses the derived functors 
L r (FG)(A,n) for all n. The F-acyclicity hypothesis implies inductively that the quasi-isomorphism 
(|9.3p determines a quasi-isomorphism 

(LF o LG)(A, n) — ► L(FG)(A, n) (9.5) 

for all n > 0, since we can choose as a simplicial model for K(A, n) the bisimplicial model 

K(^ 3 , n - 1) — > K(^ 2 , n - 1) — ► ir(A, n - 1) — >• {e} 

and work componentwise. Since no change is necessary in the discussion of the spectral sequence (|9.2p 
when passing from the case n = to the general situation, we finally obtain for any positive n, when 
F is of finite degree and the F-acyclicity hypothesis is satisfied, a functorial spectral sequence: 

E ll = ® L p+q F [r] (L q MA,n), qi \...\L qr G(A,n),q r )^L p+q (FG)(A,n). (9.6) 

r>l <Jl + ... + (Jr=<J 

We now restrict ourselves to a special case, that in which F and G are endo-functors on the category 
of abelian groups (or more generally the category of i?-modules, with R a principal ideal domain 
or even a hereditary ring). By construction, the total complex of P*,* and the complex are 
both projective and have as homology ® q L q G(A)[q], viewed as a complex with trivial differentials. It 
follows as in [22j §11.4 that this identification of their homology may be realized by a chain homotopy 
equivalence between the complexes, which in turn induces a simplicial homotopy equivalence between 
the corresponding simplicial groups P and ©gP^*- The induced homotopy equivalence between F(¥) 
and ^(P^) makes it clear that in this case the E 2 term of the spectral sequence (|9.6p is (non- 
canonically) isomorphic to its abutment. It follows that the spectral sequence degenerates at the E 2 
level, so that this proves the following proposition: 
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Proposition 9.1. Let F and G be a pair of endofunctors on the category of abelian groups, with F of 
finite degree. Suppose that for any projective abelian group P, L q F(G(P)) = whenever q > 0. Then 
the spectral sequence (|9.6p degenerates at E 2 , and the graded components associated to the filtration on 
the abutment L m (FG)(A) of the spectral sequence are described by the formula: 

gr p L p+q (FG)(A,n)~($ L p+q F [r] (L qi G(A,n), gi \ . . .\L qr G(A,n),q r ) (9.7) 

r>l qi + ...+q r =q 

When F is one of the functor SP S ,A S or r s , such an assertion may also be deduced, under the 
F-acyclicity hypothesis, from the formula |31| V (4.2.7) of Illusie. 

9.1. The derived functors of A 2 A 2 . As an illustration of proposition 19. 1[ we will now compute the 
derived functors of the functor Li(A 2 A)(A, n) for all for n = 0,1, 2. Such results are of interest to us, 
since A 2 A 2 is the first composite functor arising in the decomposition (j7.8|) of the Lie functors L n A. 



We know by flO) that 



Li A 2 (A) 



LiA 2 (A,2) = { 



LiA 2 (A,4) = { 



n 2 (A), i = l 
A 2 (A), i = 
0, i^O, 1 

{ n 2 (A), i = 5 

X 2 (A), i = 4 
A&Z/2, i = 3 
10, 3,4,5 

'n 2 (A), i = 9 
X 2 (A), i = 8 
Tor(A,Z/2), % = 6 
A®1/2, i = 5,7 
otherwise 



LiA 2 (A, 1) 



L,A 2 (^,3) = { 



LiA 2 (A,5) = { 



R 2 (A), i = 3 
T 2 (A), i = 2, 
0, i^2,3 

R 2 (A), i = 7 
T 2 (A), i = 6 
Tor(A,Z/2), i = 5 
A®Z/2, i = 4 
i ^4, 5, 6, 7. 

R 2 (A), i = 11 
T 2 (A), i = 10 
Tor(A,Z/2), i = 7,9 
A (g> Z/2, i = 6,8 
otherwise. 



(9.8) 



with A 2 (^4) defined in (|4.ip . Proposion 19.11 yields the following table for the functors LiA 2 A 2 (A): 



2 o R 2 ^2(A) 



1 

p=0 


n 2 A 2 (A) 

A 2 A 2 (A) 


r 2 n 2 (A)®ToiiA 2 {A),n 2 (A)) 

A 2 A®Q 2 (A) 







9=0 1 



Table 2. gr p {L p+q {A 2 A 2 )(A)) 

The functors L n (A 2 A 2 )(A) can be read off from the p + q = n line of this table. In particular, there 
is a (non-naturally split) short exact sequence 

— > A 2 (,4) ® n 2 (A) — > Li(A 2 A 2 )(,4) — > fi 2 A 2 (^) — > 
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which may be viewed as a symmetrized version of a Kiinneth formula for tt\ ^A 2 (yl) ® A 2 (A) 

We now pass to the derived functors L n (A 2 A 2 (A, 1)). The corresponding table of values of these 
derived functors may be read off from the values (|9.8p and (|9.ip of the derived functors of A 2 : 



4 





R 2 R 2 (A) 








3 


n 2 r 2 (A) 


r 2 R 2 (A) 








2 


A 2 r 2 (A) 


Tor(fl 2 (A),Z/2) 








1 


r 2 (A)®Z/2 


R 2 {A)®Z/2 





Tor(r 2 (A),R 2 (A)) 


p=0 











r 2 (A)®R 2 (A) 







<?=2 3 4 5 



Table 3. gr p (L p+q (A 2 A 2 )(A,l)) 

When one also takes into account the values of LiA(A, n) for n = 4,5, one finds the following values 
for the derived functors of A 2 A 2 (A, 2): 



p=0 



o 



R 2 (A®Z/2) 
r 2 (A®Z/2) 
A&1/2 
A&1/2 


<?=3 





n 2 x 2 (A) 

A 2 A 2 (A) 
A 2 (A)®Z/2 



R 2 n 2 (A) 

r 2 n 2 (A) o 

Tor(f7 2 (A),Z/2) 

n 2 (A)<g)Z/2 



Tor(A 2 (A),Z/2) Tor(Q 2 (A),Z/2) 
A 2 A®Z/2 




n 2 (A)®Z/2 Tor(A®Z/2,A 2 (A)) Tor(A®Z/2,Q 2 (A)) Tor(A 2 (A),Q 2 (A)) 
(A®Z/2)iX)A 2 (A) A®Z/2®Q 2 (A) A 2 (A)®Q 2 (A) 

5 6 7 8 9 



Table 4. gr p (L p+q (A 2 A 2 )(A,2)) 



9.2. The derived functors of A 2 r 2 . We will now carry out a similar discussion for the derived 
functors of A 2 r 2 . By (j4\3|) . 



LiT 2 (A) = { 



R 2 (A), i = l 
T 2 (A), i = 
0, i^0,l 



LiT 2 (A,l) 



(fl 2 {A), i = 3 
X 2 (A), i = 2, 
A®Z/2, i = 1 

10, M 1,2,3 



(9.9) 
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Since T^P) is torsion- free for any torsion- free group P, the derived functors of A 2 T 2 may be computed 
by formula (|9.7|) , The following tables may now be deduced from (|9,8p and (|9,9|) : 



2 




R2R2(A) 


1 


n 2 r 2 (A) 


r 2j R2(A)eTor(r 2 (A),R2(A)) 


p=0 


A 2 r 2 (A) 


r 2 (A)®R 2 (A) 




g=0 


1 




Table 5. 


gr p (L p+q (A 2 T 2 )(A)) 



-1 

3 
2 
1 

p=0 





o n 2 x 2 (A) 

R 2 (A®Z/2) A 2 A 2 (A) 



R 2 Q 2 (A) 

r 2 n 2 (A) 

Tor(n 2 (A),Z/2) 



r 2 (A®Z/2) A 2 (A)(g)Z/2 Q 2 (A)<g*/2eTor(A®Z/2,A 2 (A)) Tor(A(g*/2,n 2 (A)) Tor(A 2 (A),f2 2 (A)) 
A<X)Z/2®A 2 (A) A®Z/2®n 2 (A) A 2 (A)®C 2 (A) 



9=1 



Table 6. 5 r p (L p+g (A 2 r 2 )(^l,l)) 

The coincidence, up to changes in degree, between certain terms in tableland those in table [3l and 
(more strikingly) between certain terms in table [6] and those in table [3] is explained by the decalage 
isomorphisms (|2.40p between the derived functors of T 2 and those of A 2 . 

10. Derived functors of super-Lie functors 
In view of (|7.18|) . the decalage isomorphisms (|2 ,42 p and formulas (|8.2p imply that for (n > 1): 



L n+k L 3 s (Z,n) 



'z/3, fc = 4i + l, i = 0,l,...,[2fi] 
0, otherwise 



(10.1) 



We will now examine the relations between the derived functors of £ n and £™. For any free simplicial 
abelian group A*, the maps Xn an d Xn (|7.31|) induce arrows : 

Xn : (^"(^*) ® £A n (Z, 1)) -> ^ m (L£"(A) 8) Z[l]), m > 
X ; : 7r m f L£ n (^,) ® LA n (Z, 1)) 7r m (L£?(A) ® Z[l]), m > 
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For A* = K(A,m), these determine by adjunction pension maps 

Xn ■ L m L n s (A, k) -> L rn+n L n (A, k + l) (10.2) 
Xn : L m L n (A, k) -> L m+n L n s {A, k + 1). 

which may be viewed as generalized decalage transformations, even though the maps Xn are no longer 
isomorphisms. We will for this reason refer to such maps as semi- decalage morphisms. Similarly, the 
pairing f3 n (|7.35|) determines a family of pension isomophisms (|2.42[) which we now denote Q n : 

L m Y n (A,k)^L m+n J n (A,k + l). (10.3) 
Proposition 17.21 now implies the following assertion: 
Theorem 10.1. The following diagram is commutative: 

L m L n s (A, k) - L m Y n (A, k) 

Xnt Cnli 

L m+n L n (A, k + l) L rn+n J n (A, k + l) 

We will now consider the boundary maps: 

9 m : L m J n (A, k) -> L m _! J n (A, k), (10.4) 
9 m : L m Y n (A, k) -+ L m -{Y n {A, k). (10.5) 

induced by the short exact sequences (|2.9p and (|7.27|) . The following proposition is a corollary of 
theorem 110.11 

Proposition 10.1. Form,n > 1, and an abelian group A, the following diagram, in which the vertical 
arrows are decalage and semi-decalage morphisms, commutes: 

L m+1 Y n (A, k) — L m Y n (A, k) L m L n s {A, *0 L m Y n (A, k) 

L m+n+1 J n (A, k + l) L m+n J n (A, k + l) L m+n L n (A, k + l) L m+n J n (A, k + l) 

(10.6) 

Let A be an abelian group and n > 2. The following diagram, in which the vertical arrows are 
decalage maps, is commutative: 

TT 2n (LSP n -\A, 2) ® A[2]j L 2n SP n (A, 2) — ^ L 2n _ x J n (A, 2) (10.7) 

! j ! i 

vr n ( LA n ~ 1 (A, 1) ® A[l}) L n A n (A, 1) L n ^Y n (A, 1) 



li U. I 



4 

r„_i(A) <g> A T n (A) H C n (A) 

It follows in particular, by proposition 13.11 that there exists a natural isomorphism 

L 2n ^J n (A,2) -0r n/p (A®Z/p), (10.8) 

p\n 

which describes explicitly the right-hand terms in diagram (|10.7I) . 
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10.1. The fourth Lie and super-Lie functors. We will now discuss certain derived functors of the 
functors £ 4 and £ 4 . Recall that by (USD and (J772SJ, 

J 4 (A) ~ A 2 A 2 (A), Y\A) ~ A 2 r 2 (,4). 

for any free abelian A By <j!0.8|) . the right-hand vertical arrows in diagram (|10.7|) for n = 4 are: 

L 7 J\A, 2) -^U- L 3 F 4 (A 1) r 2 (^ ® Z/2) . (10.9) 

Proposition 10.2. For every abelian group A, the arrow 

L 3 Y*(A,1) L 2 A 2 r 2 (i,l) 

is a natural isomorphism between a pair of functors, both naturally isomorphic to T 2 (A ® Z/2). 

Proof. Let us first verify that the map 6*3 is surjective. Consider the simplicial model (|2.17p of 
LA 2 F 2 (A, 1) determined by a flat resolution (j2.15|) of A. We define a map 

V 2 {A®Z/2) ^L 2 A 2 T 2 (A,l) 

explicitly as follows: 

r 2 (^®Z/2) -> A 2 T 2 (A 1 (Bso(A )(Bs 1 (A ))/do(ker(d 1 )r)ker(d2)riker(d 3 )) 
72(a) 1-^ 72(^0(0)) A 7 2 (si (a)) 

for some lift a to M of a G A® Z/2. Under the natural transformation A 2 r 2 — > £ 4 (|7.25|) . the image 
of 72(a) goes to the element 

{s o (a),s 1 (a),s (a),si(a)} 
in the term £ 4 (L © sq(M) © si(M)) of the corresponding simplicial model for LL^(A, 1). The element 

r := {sis (a),S2So(a),siSo(a),s 2 so(a)} - {sis (a), s 2 s (a), s 1 s (a), s 2 si(a)} € 

£ 4 (s (A) © si(Ai) © s 2 (A) © s lSo (A ) © s 2 s (A)) e s 2 si(4>)) 
satifies the equations <9j(r) =0, i = 1,2,3 and 

9 (r) = {s (a),si(a),s (a),si(a)} G £ 4 (A © s (A ) © si(A )). 

It follows that the map L 2 A 2 r 2 (A, 1) — > L 2 L^(A, 1) is trivial so that, by exactness of the upper line of 
diagram (|1U.6|) . the arrow 83 is surjective. 

We will now give a more explicit description of the target of #3. We have a natural isomorphism 

v : L 2 A 2 r 2 (A 1) — ^ T 2 {A © Z/2) 

since the only non-trivial total degree 2 term in table[6]is the expression T 2 (^4©Z/2) in bidegree (1,1). 
We now have a pair of arrows u ([10. 9p and v, which provide natural isomorphisms between both the 
source and target of #3 and the group T 2 {A © Z/2). We may now assume that A is finitely generated. 
In that case both source and target of the surjective map #3 are finite groups of the same order, so 
that #3 is an isomorphism. □ 

We know by the description of homotopy groups of LA 2 A 2 (A, 2) in table H that there is a natural 
projection LqA 2 A 2 (A,2) — > T 2 (A © Z/2). The following proposition is a consequence of propositions 
fT0~n and HO 
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Proposition 10.3. The group G := LqA 2 A 2 (A, 2) is endowed with a 3-step descending filtration 
F l G (1 < i < 3) for which the associated graded components are described by 

r r 2 (A®z/2) i = i 

gnG = \ Tor(A 2 (>l), Z/2) i = 2 
k J2 2 (A)®Z/2 i = 3 

In addition, the projection w of G on the highest graded component gr\G is the map arising from the 
edge-homomorphism in the spectral sequence (|9.6p described in table [7} This surjection w is split, up 

to isomorphism, by the boundary map L 7 J 4 (A,2) — LqA 2 A 2 (A, 2) provided by the decomposition 

(USD o/£ 4 (^i). 

Proof. The associated graded terms f2 2 (^4) <8> Z/2 and Tor (A 2 (A), Z/2) in the line p + g = 6 of table 
3] give us the required description of F 2 G = ker(u>). The previous discussion provides us with a 
commutative diagram 

T 2 (A ® Z/2) -=+ L 3 Y*(A, 1) -f+ L 2 (A 2 T 2 )(A, 1) 

■04 

L 7 J 4 (A, 2) L 6 (A 2 A 2 )(A 2) r 2 (,4 Z/2) 

where the injectivity of the map ^4 (|10.6p is obtained by examining the behavior of the decompositions 
(|9.7|) of its source and target under decalage. It remains to show that the composite map 

wo6 7 : L 7 J 4 (A, 2) -> r 2 (vl Z/2) 

is an isomorphism. When A is free abelian of finite rank, LgA 2 A 2 (j4,2) ~ T 2 (A <S> Z/2), so that the 
injective map 

^ 4 : T 2 (A ® Z/2) ^ L 6 A 2 A 2 (A, 2) 
is a monomorphism between two finite groups of the same order. It follows that the map w o 9 7 is an 
isomorphism whenever A is free abelian, and therefore an epimorphism for an arbitrary abelian group 
A. Returning to the case of an abelian group A of finite rank, we conclude that the epimorphism wo9 7 
is an isomorphism, since source and target are finite groups of the same order. This implies that the 
corresponding assertion is true for an arbitrary abelian group. □ 

In the sequel, we will also need the following result, which follows since the only non-trivial terms 
contributed by the Curtis decomposition to LiL 4 (A, 2) for i < 7 are those provided by the derived 
functors of A 2 A 2 : 

Corollary 10.1. There group LqL 4: {A : 2) is canonically isomorphic to the direct sum of the two fol- 
lowing expressions: 

gnL 6 L 4 (A,2) = Tor(A 2 (^l),Z/2) = Tor(A 2 (A), Z/2) Tor 2 (A Z/2, Z/2) 

gr 2 L 6 L A {A,2) = VL 2 (A) ®%/2. 

11. HOMOTOPICAL APPLICATIONS 



11.1. Moore spaces and the Curtis spectral sequence. In this section we will review the Curtis 
spectral sequence, which will be our main tool for homotopical applications of our theory. Recall that 
for any abelian group A and n > 2, a Moore space in degree n is defined to be a simply connected space 
X with Hi{X) ~ A for i = n, and Hi{X) = 0, i ^ n. Such a Moore space will be denoted M(A,n) 
when in addition an isomorphism H n (X) ~ A is fixed. The homotopy type of M{A,n) is determined 
by the pair (A,n), since homology equivalence implies homotopy equivalence for simply-connected 
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spaces. When A is free abelian with a chosen basis, a Moore space M(A, n) can be constructed as a 
wedge of ra-spheres, labelled by basis elements of A. For an arbitrary abelian group A and n > 2, an 
n-dimensional Moore space is constructed as follows: choose a 2-step free resolution (|2.15|) of A with 
chosen bases. M(A, n) can then be defined as the mapping cone |29] VI 2 of the induced map between 
the wedges of spheres M(L, n) —> M(M, n). For any homomorphism of abelian groups / : A — > B, it is 
possible to construct a map <p : M(A, n) — > M(B,n) such that H n {(p) = f. However, the construction 
of the map (j> is not canonical and the construction of Moore spaces is non-functorial. The canonical 
class in H n (M(A, n), A) induces a map 

M(A, n) — > K(A,n) (11.1) 

which is well-defined up to homotopy. 

We will now recall the construction of the Curtis spectral sequence. Let G be a simplicial group. 
The lower central series filtration on G gives rise to the long exact sequence 

• • • -> ir i+l (G/ lr (G)) -> m{ lr {G)h r+1 {G)) -> 7Ti(G/7 P+ i(G)) -> m{G/ lr (G)) 

This exact sequence defines a graded exact couple, which gives rise to a natural spectral sequence E{G) 
with the initial terms 

E}. q (G) = K q { lr (G)/ lr+l {G)) 

and differentials 

According to [16J, for K a connected simplicial set and G = GK the associated Kan construction 
[39J §26, this spectral sequence E l {G) converges to E°°(G) and ® r E^ q is the graded group associated 
to the filtration on TT q (GK) induced by the lower central series filtration on K. Since GK is a loop 
group of K, this spectral sequence may be written as 

E\ q (K) := ir q { lr {GK)h r+1 (GK)) n q+1 (\K\). (11.3) 

The groups E 1 (G) are homology invariants of K. By the Magnus- Witt isomorphism (12. 4|) . the spectral 
sequence can be rewritten as 

El A {K) = n q (L r (ZK, -1)) => n q+1 (\K\). (11.4) 

since the abelianization GK^ := GK/^GK of corresponds to the reduced chains 7LK on K, with 
degree shifted by 1. When K = M(A,n), "LK corresponds to an Eilenberg-Mac Lane space K(A,n) 
so that the spectral sequence is simply of the form 

E\ q = L q C(A,n- 1) 7r q+1 (M(A,n)) . (11.5) 

In particular, 

A, q = n — 1 
0, q^n-l 

For a additional information regarding this spectral sequence, see |16j . |40| ch. 5. 

11.2. The 3-torsion of 7r n (5 2 ). As a first illustration of our techniques, we will now discuss the 
3-torsion components of the homotopy groups of the sphere S 2 . For this, consider the 3-torsion parts 
of the various terms in the spectral sequence (|1 1.5|) . with A = Z and n = 2: 

E\ q = L q L r (Z, 1) ir q+1 (S 2 ). (11.6) 

From now on, we will denote by p A the p-torsion subgroup of an abelian group A and by (p\A the 
quotient of A by the (/-torsion elements, for all primes q ^ p . We will refer to this quotient group as 
the (p)-torsion group of A. 



El q = 7T q (K(A,n-l)) 
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It is shown in |16j (see also |40j props. 5.33 and 5.35) that 

L 4 J"(Z,1) = ( Z ' i = 2 ' n = 2 (11.7) 
I 0, otherwise 

This, together with the Curtis decomposition (|7.8|) of the Lie functors and the computation of the 
groups LjA 2 A 2 (Z, 1) in tabled implies that there is no 3-torsion in any of the expressions L g £ p (Z, 1) 
for p < 6. Let us show that the first non-trivial 3-torsion term in the spectral sequence (|11.6p occurs 
in the group L^L G (Z,, 1). It follows from (|11.7I) and the Kiinneth formula that no 3-torsion is produced 
by either of the factors J 6 (Z, 1) and J 4 (Z, 1) <g> J 2 (Z, 1) of £ 6 (Z, 1), nor is any contribution made by 
J 2 J 3 (Z, 1) since J 3 (Z, 1) is contractible. It thus follows from (fTT7|) and fl8J| (or (|E7T^]> ) that 

L i £ 6 (Z,l)^L l J 3 J 2 (Z,l)^L i £ 3 (Z,2)^P /3 ' l = l (11.8) 

We restate this result as: 

LJ 3 J 2 (Z,1) ~ K(Z/3,5). (11.9) 

More generally, the Curtis decomposition (|7.8p . together with (|11.7|) and ([10. 8p . implies that 3- 
torsion in the groups L q L r (Z, 1) can only arise from components of the decomposition of the form 
FJ^ k J 2 and their tensor products (for functors F = SP*, P = J k ), so that there is no 3-torsion in 
the initial terms of (|11.6|) unless 6|r. The analysis of the r = 18 case is similar to that of r = 6. 
The only contribution to the 3-torsion in L g £ r (Z, 1), for q < 14, comes from the derived functors of 
J 3 J 3 J 2 (Z,1), andby (HO]): 

Li J 3 J 3 J 2 (Z, 1) ~ Li£ 3 (Z/3, 5) . 
These groups were computed in ([8.16p . so it now follows from the connectivity result (|3.6p that 

3 L q L r (Z, 1) = Z/3, r = 18, q = 8, 9 (11.10) 

and 

3 L q L r (Z, 1) = 0, 5 < q < 10, r ^ 18. 
We refer to |40] ch. 5 for a similar analysis of the 2-torsion components in the spectral sequence 

flUgp . 

For r ^ 12, the 3-torsion components of L q L r (Z, 1) may all be computed by the previous method 
so long as q < 14, and indeed all of these components are trivial except for those provided by (|11.8|) 
and (|11.10p . We will now consider in detail the case of the 12th Lie functor. We will need to introduce 
additional techniques in order to achieve a complete understanding of the derived functors of £ 12 and 
of the differentials in the spectral sequence (|11.6p within the range q < 14. 

First observe that only the functors J 6 J 2 , J 3 J 2 J 2 , J 2 J 3 J 2 , J 4 J 2 ® J 2 J 2 may give any contribution to 
the 3-torsion in L q £ 12 (A, 1) in degrees q < 14. By (|4.2|) and (|8.14p . the derived functors of J 3 J 2 J 2 and 
J 4 J 2 <S> J 2 J 2 are all 2-torsion groups for A = Z. It follows that that 3-torsion in L 9 £ 12 (Z, 1) within our 
range can only occur in degrees q = 10, 11. In fact we will now show that while J 6 J 2 (Z, 1) = K(Zq, 11) 
by ([10. 8p . and so could in principle contribute to the 3-torsion of Ln£ 12 (Z, 1), this is not in fact the 
case: 

Proposition 11.1. The groups ( 3 )L g £ 12 (Z, 1) = are trivial for all q>2. 

Proof: By (|11.7p . we may think of the Curtis decomposition of £ 12 (Z, 1) as reducing to a short 
exact sequence 

J 2 J 3 J 2 {Z, 1) £ 12 (Z, 1) J 6 J 2 (Z, 1) 
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when only 3-torsion is considered. This induces following commutative diagram of finite groups with 
exact horizontal lines, and boundary maps 3^11: 



3 L n £ 6 (Z,2)^- 



3 L n J 6 J 2 (Z,l) 



5 L n J 6 (Z,2) 



3V11 



jLio J 2 J 3 ^(Z, 1) - 3 L 10 L 12 (Z, 1) 



11.111 



3 L l0 J 2 J 3 (Z,2) 



3 Li £ 6 (Z,2) 



r 2 (z 3 ) 



In this diagram, the value of 3LnJ 6 (Z,2) was determined by (fT0~gj) and that of 3 L W J 2 J 3 J 2 (Z,1) 
follows from (fTL9]) and (H~2|) . 



Let us now consider the Curtis spectral sequence (jll.4|) for the space K := K(A, n) for some abelian 
group A: 

(11.12) 



E 



- L q+1 L r (ZK(A,n),-l) ir q (K(A,n- 1)) 
We will now look at this in more detailed , for A = Z: 



E^ q = L q+1 L r (ZK(Z, n), -1) => n q (K(Z, n - 1)) (11.13) 

By Dold's theorem |20| th. 5.1, we may replace the expression Zif(Z, n) in the initial term of ()1 1 . 13j) 

by (&iK(Hi + i(Z,n),i) so that the spectral sequence becomes 

-.1 



E 



r,q 



7r q L r ((BiK(H i+1 (Z,n),i)) 



[n-1] 



;n.i4) 



In particular, 

E{ tq = H g+1 (K(Z,n)). (11.15) 

We now consider the case n = 3. The low-degree (3)-torsion integral homology groups of if (Z, 3) are 
well-known [12J, [18J, in fact the only nontrivial generators for such groups are the fundamental class 
i 3 in degree 3, the degree 7 suspension of element 73(12) £ Hq(K(Z, 2)), and their product in degree 
10 (under the multiplication induced by the //-space structure of if(Z,3)): 



n 



3 4 5 6 7 8 9 10 11 12 



(3) H n K(Z, 3) Z Z/3 Z/3 
When n = 3, Dold's theorem also allows us to (non-functorially) compute the other initial terms in 
(|11.14p . since within the range of values of q < 11 we may replace the expression Zif(Z,3) by the 
product of Eilenberg-Mac Lane spaces K(Z, 2) © K (Z/3, 6) © K (Z/3, 9). For r = 2 we must therefore 
compute the homotopy of the induced LJ 2 (K(Z,2) © if (Z/3, 6) © if (Z/3, 9)). No 3-torsion in the 
homotopy is provided by the functor J 2 applied to any of the three summands, so the only non-trivial 
terms are those coming from the cross-effect terms Z[2] © Z/3 [6] and Z[2] (8) Z/3 [9], in other words 
copies of Z/3 in degrees 8 and 11 respectively. 



Similarly, in looking for the 3-torsion of the r = 3 initial terms of (|11.13|) within our range of values 
q < 11, we need only consider the homotopy of LJ 3 (if(Z, 2) © K (Z/3, 6)). Let us record here the 
functorial form of (|8.16p . for all n and a more restricted range of values of k: 

Lemma 11.1. For any abelian group A, and integer n > 4 

'^©Z 3 A; = 3, 7 



3 L n+k J 3 (A,n) 



Tor(A,Z/3) A; = 4, 8 
0, /c = 2,5,6 
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It follows that the summand LJ 3 (Z, 2) contributes a term Z/3 in degree 5 to the 3-torsion of , 
while the summand LJ 3 (Z/3, 6) contributes a pair of terms Z/3 in degrees 9 and 10. In addition, since 
the second third cross-effect of the functor J 3 is the functor 

jf 2] (A\B) ~ (A ® B ® A) ® {A ® B ® B), 

it contributes an additional term Z[2] (g) Z/3 [6] <g> Z[2] to the homotopy of LJ 3 (A(Z, 2) if (Z/3, 6)) 9 
in degree 10, in other words a second factor Z/3 to the initial term E\ 10 of (|11.14|) . 

There is no contribution to the 3-torsion component of the initial terms of the spectral sequence 
(|11.13|) for r = 4, 5, 7, 8 since none of these numbers is a multiple of 3. If we leave aside the case p = 6 
for the time being, the only initial terms which we still need to consider are those for which r = 9. 
In our range q < 11, the only the summand of L 9 which comes into play is J 3 J 3 and by (j8.16j) the 
homotopy groups of LJ 3 A'(Z/3, 5) contribute a pair of groups Z/3 to the 3-torsion of L£ 9 (Z,2) in 
degrees 8 and 9. 

We now collect in the following table the outcome of this discussion of the (3)-torsion components 
of the initial terms of the spectral sequence f)ll . 13|) for n = 3 : 



r 


1 


2 


3 


4 


5 


6 


7 


8 


9 


(3)^,11 





Z/3 











* 








* 


(3)£yo 

(3)^,9 








(Z/3) 2 








3 L 10 £ 6 (Z,2) 











Z/3 





Z/3 

















Z/3 


(3) E r,8 
(3)^,7 





Z/3 




















Z/3 





























(3) E rfi 
{3) E r,B 


Z/3 
































Z/3 




















(3) E r,4 





























(3) E r,3 





























(3) E r,2 


z 



























TABLE 7. The 3-torsion in the initial terms for the spectral sequence (|11.13p when n = 3 

Since all the terms in the abutment of this spectral sequence vanish (except for a copy of Z in 
degree 2), it follows by examining the possible differentials in the spectral sequence that the term 
(3)Lio£ 6 (Z, 2) survives all the way to Eq\ and must therefore be trivial. Diagram (|11.11|) now makes 
it clear that (3)Ln£ 12 (Z, 1) = ( 3 )Ln£ 6 (Z, 2) also vanishes. These were the only possibly non-vanishing 
terms within our range of degrees, so that finally: 

(3) L r £ 12 (Z, 1) = 0, r < 14. (11.16) 

□ 

Remark 11.1. A direct computation shows that the triviality of Lio£ 6 (Z, 2) is equivalent to the 
assertion the class in £f(Z, 1)4, of the element 

C ={{s2Sis (a), s 2 s 1 s (a), S3SiSo(«)}, {«3S2So(«), s 3 s 2 s (a), s 3 s 2 s 1 (a)}}- 
{{s2Sis (a), s 2 s 1 s (a), s 3 s 2 s (a)}, {s 3 sis (a), s 3 sis (a), s 3 s 2 s 1 (a)}}+ 
{{s 3 sis (a), s 3 sis (a), s 3 s 2 s (a)}, {s 2 sis (a), s 2 sis (a), s 3 s 2 s 1 (a)}} 

is trivial, where a is a generator of Z = 7qA(Z, 1). It would be of some interest to find a specific 
element in (Z, 1)5 with boundary £. 
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We now return to the spectral sequence (|11.6p . where we now know that E\ 2q = for all q < 14. 
We will now display the entire table of initial terms in the range q < 14: 



r 


6 


12 


18 


24 


30 


36 


42 


48 


54 


162 


3 LuL r (Z, 1) 





























Z/3 


3 L l3 L r (Z,l) 








Z/3 

















Z/3 





3 L l2 L r (Z,l) 








Z/3 

















Z/3 Z/3 





3 L n L r (Z,l) 


























Z/3 





3 LioL r (Z, 1) 
































3 L 9 L r (Z,l) 








Z/3 























3 L 8 L r (Z,l) 








Z/3 























3 L 7 L r (Z,l) 
































3 L 6 L r (Z,l) 
































3 L 5 L r (Z,l) 


Z/3 






























TABLE 8. The 3-torsion in the initial terms of the spectral sequence (|11.6|) 

The values of the various terms in this table are justified as follows. Observe first of all that the 
vanishing of all terms E\ 2 q terms implies that there are no non-zero terms Ef q whenever r is a multiple 
of 12. Non-trivial terms with r = 18 arise by applying the functor J 3 according to the rule of lemma 
lll.ll to the cyclic group 3 E§ 5 = Z/3, so that they are contributed by derived functors of the summands 
J 3 J 3 J 2 of £ 18 . Applying one more functor J 3 to each of the two cyclic groups E\% g and E\% g provides 
us, according to the same rule, with two additional copies of Z/3 in the columns r = 54. Finally, a last 
composition with a J 3 yields the only non-trivial term in column r = 162 within our range r < 14. 
Our discussion makes it clear that this cyclic group has been contributed by the appropriate derived 
functor of the summands J 3 J 3 J 3 J 3 J 2 of £ 162 . 

It now follows from this discussion, by taking into account the possible differentials in the spectral 
sequence, that we have obtained the following description of the 3-torsion in TTi(S 2 ) in the range % < 11: 

., 2 i -i/ •> /' 6. 9, 10 




3 7n(S z ) = { ' 5 : (11-17) 

I otherwise . 

In addition, 

7r i (S' 2 ) 2 Z/3, i = 13,14. 

We recover in this way by purely algebraic methods certain of Toda's results |46| . In fact, it can be 
shown by comparing once more once more the differentials in a spectral sequence for the Moore space 
(|11.18|) with those in the corresponding spectral sequence for an Eilenberg-Mac Lane space, and by 
suspension arguments, that the additional differentials d 3 § 12 : Z/3 — > Z/3 and <i 3 | 13 : Z/3 — > Z/3©Z/3 
in (|11.6p are both monomorphisms. In this way, we recover algebraically the entire description of the 
3-torsion in ir n (S 2 ) up to degree 14. 

11.3. Some homotopy groups of M(A, 2). We now consider the spectral sequence (|1 1 .5|) for n = 2: 

E\ q = L q L r (A, 1) => 7r q+1 M(A, 2). (11.18) 

For r = 3, some intial terms in this spectral sequence were computed in §8.21 We will now study the 
terms E\ q = L q L 4 (A, 1). The short exact sequences (|2.9p and (|7.9p derive to the horizontal lines of 
the two following diagrams, while the vertical ones arise from semi-decalage and the computations of 
the groups Li A 2 A 2 (A, 1) in table [3]: 
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LiY\A) 
L 5 J 4 (A,1) 



04 



-A 2 r 2 (^) — 
f 

L 4 A 2 A 2 (i,l) - 
TTi ( T 2 (A) ® Z/2 



I 

L 4 L A (A, 1) 



L 4 J 4 (A1) 



L 2 Y\A) - 
L & J\A,\) 



02 



06 



► LiA 2 r 2 (A)- 

f 

L 5 A 2 A 2 (.4,1) 



I 

L 5 £ 4 (A1) 



J* 

W 4 (A1) 



11.19) 



Tor (#2 (A), Z/2) 

The computation of the LjA 2 A 2 (^4) also implies that there are genuine decalage isomorphisms 

L i L^(A)^L i+n L n (A,l) (11.20) 

for n = 4 whenever i > 2. The same is true for n = 5 and all i by comparison of the derived long exact 
sequences associated to the sequences (|7,10p and (|7.30p . 

This discussion provides the justification for the description of the columns q = 1,2,3,5 of the 
following table of initial terms of the spectral sequence All. 18|> : 



q 










4, 


7 











L 3 Lt(A) 




6 











L 2 Li(A) 


Li£5(A) 


5 








L 2 Y 3 (A) 


Tor(i? 2 (A), Z/2) © LyC^A) 


■Cj(A) 


4 








LiY 3 (A) 


TTi (zr 2 (A) | Z/2 J ®L 4 S {A) 





3 





fla(A) 


Y 3 (A) 


r 2 (A) ® Z/2 





2 





r 2 (A) 











1 


A 















Tor(R 2 (A), Z/3) © Tor(L 2 Y 3 (A), Z/2) © Li£«(A) 
r 2 (A) 4 Z/3J ©7T2 (V 3 (A) | Z/2J ffi-C^(A) 

r 2 (A) (gi Z/3 e TTi (V 3 (A) | Z/2 

Y 3 (A) ® Z/2 






E l 














q 


El. 


EL 




6 


7T 2 (r 2 (A) | Z/2 ® © TTi (^Ci(A) ® Z/2^ 


Y 3 (A) ® Z/3 


£g(A)®Z/2 










5 


TTi fr 2 (A) | Z/2 <§ Z/2 J © &i(A) <g> Z/2 








4 


r a (A) ®Z/2 








3 











2 











1 












TABLE 9. The i? 1 -terms of the spectral sequence (|11.18|) 
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The second column in table [9] follows from (|2.1ip and from the computation (|4.2I) for n = 1, and the 
third one from (|8.4p . The first summand in the term E\^ m the fourth column is provided by the 
subgroup A 2 A 2 (.4) of L 4 (A) exhibited in (fH?J) . when the expression in position (2, 1) in table[3]is taken 
into account, and its derived versions then occur above it. The second summand in E\% arises from 
the decalage isomorphism (jll.20p and a diagram chase in diagram (|11.19p . Once more, its derived 
versions are then to be found above it. 

We will now show how to find the terms of interest to us in columns 6 and 8, by the methods of £j9j 
Those in the sixth column in degrees q = 4, 5 only depend on the first two summands J 3 J 2 (A) and 
J 2 J 3 (A) of L e (A). The term J 2 J 3 (A) in £ e (A) contributes an expression 

L 4 ( J 2 J 3 (A, 1)) ~ L 4 A 2 (Y 3 (A), 3) ~ Y 3 A ® Z/2 , 

to E\±, since L 2 A 2 (^, 1) ~ T 2 A and L 5 J 3 (A, 2) ~ A ® Z/3 (|8.14p . The same computation provides 
the corresponding factor in Eq 5 . Similarly, the term J 3 J 2 (A) provides the expression r 2 (^4) ®Z/3 in 
Elj, since L 2 A 2 (A, 1) ~ T 2 A and L 5 J 3 (A, 2) ~ A ® Z/3 (jBTTI]) , Finally, the term #| )4 comes from the 
term L^J 2 J 2 J 2 (A, 1) in L 4 £ 8 (^4, 1) by the same sort of reasoning: we already know that 

L 3 A 2 A 2 (yl,l) ~r 2 (A)®Z/2. 

This implies that 

L 4 A 2 (A 2 A 2 (A, 1)) ~ L 4 A 2 (r 2 ^ ® Z/2, 3) 

and the result follows, since 

L A A 2 {T 2 A ® Z/2, 3) ~ L 6 SP 2 (r 2 A ® Z/2, 4) ~ H 6 {K(T 2 A ® Z/2, 4)) ~ T 2 ^ ® Z/2 , 

with the last isomorphism following by a direct calculation, or by reference to the well-know Eilenberg- 
MacLane functorial stable isomorphism 

H 6 (K(B,4)) ~B®Z/2. 

We refer to |40j §5.5 for a more complete discussion by one of us of the derived functors of iterates of 
A 2 when A = 7L. 

It is immediate from the line q = 2 of table [9] that 

n 3 (M(A,2))~T 2 (A), (11.21) 

a result which essentially goes back to J.H.C. Whitehead's "certain exact sequence" [48j, and that in 
particular a generator of T 2 (Z) corresponds to the class of the Hopf map r/ : S 3 — > S 2 . By comparing 
the spectral sequence (| 1 1 . 1 8 1) with the corresponding spectral sequence (|11.12p for n = 3, one verifies 
that the differential d\ A : E\ A — > E^ 3 in (|1 1 . 18[) is trivial. The line q = 3 of table [9] then implies that 
there is a short exact sequence 

-> L 3 (A) (r 2 (A) ® Z/2) -> ir A M(A, 2) -> i? 2 (^) -> , (11.22) 

a result already proved in [2], [3], where the expression L 3 (A) (r 2 (A) ® Z/2) is denoted T 2 2 {A). 

Similarly, the last two terms in the line q = 4 of our table, together with the factor &s(A) from 
E\ A , regroup to the expression denoted r|(j4) in [3], while the direct sum of the two remaining 
terms on the line q = 4 correspond to the derived functor LiT 2 (A) of the functor r|(A) mentioned 
above. By considering the restriction of the differential d\ 5 : E\ 5 — > E% 4 in our table to the factor 
Tor(i? 2 (^4), Z/2) of Ef 5 we therefore recover the description of tt^M^A, 2) in [2] as a middle term in 
an exact sequence: 

L 2 T 2 2 (A) % Y\{A) -> n 5 M(A, 2) -> Li^(A) -»■ 0. (11.23) 

where d 2 is a differential in the spectral sequence from |23) (for a generalized version of this sequence, 
see [1] theorem 5.1). We will verify later on in this section (see diagram (|ll,3ip ) that this restriction of 
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d\ 5 is not zero. This implies that the corresponding differential c?2 in fjl 1 . 23|) is also non-trivial. This 
discussion is consistent with the low-dimensional homotopy groups of the Moore space M(Z/2, 2) = 



known from [5( 


)J = 






i 


2 3 4 


5 6 


7 


tt;M(Z/2,2) 


Z/2 Z/4 Z/4 


(Z/2)® 3 (Z/2)® 5 (Z/2)® 2 € 


) (Z/4)® 2 Z/8 






Table 10. 





Finally, returning to the case A = Z. we also observe in tabled in positions E\ p 2p _i with p prime, 
the early occurences in p TT2 P (S 2 ) of Serre's first non-trivial p-torsion in the homotopy of S 2 (see also 
for this |40) corollary 5.40 and the discussion pp. 280-281). 

Remark 11.2. In the spectral sequence from |23| there are terms E 2 q = LpT^A), where T^^l) is the 
q-th term arising from the homotopy operation algebra. In particular, there is a natural homomorphism 
Li +1 (A) -+ T q 2 (A), where the occurence of the (<7+l)-st super-Lie functor is due to Whitehead products, 
viewed as homotopy operations. It is natural to conjecture that the semi-decalage described in theorem 
110.11 connects the homotopy operation spectral sequence from |23| with the Curtis spectral sequence, 
with for example the existence of a commutative diagram 



LiLl{A) 



xl 



L i+q L«(A, 1) 



d 2 
9+1, 



xl 



L l+q ^+ l (A,l) 



where a 2 is a natural map induced by the second differential in the homotopy operation spectral 
sequence. The low-dimensional computation given above support this conjectural connection between 
the two spectral sequences. 

11.4. Some homotopy groups of Af(Z/p, 2), p / 2. The next proposition provides us with some 
information regarding the derived functors of Lg(A). We begin with the following lemma: 



Lemma 11.2. Let A 

isomorphism. 



l/p for some prime p / 2. The natural map Tor(£l3(A), A) — > ^4(^4) is an 



Proof. By [TU] (5.14), there exists, for any abelian group A and integer h, a commutative diagram of 
abelian groups 



r 3 ( h A) ® h A 



4( h 



A) 



41.24) 



A 4 



Tor(n 3 (A),A) 



n 4 (A) 



where the upper horizontal arrow is induced by the multiplication in the divided power algebra. The 
arrows provide, where h varies, and the slide relations are taken into account, presentations for 
the groups Tor (^3 (A), A) and ^4(^4) respectively. Let us now suppose that A is cyclic of order p, 
with a chosen generator a € A. In that case the only relevant integer is h = p. We know that 
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r^3(Z/p) = ^(Z/p) = Z/p so that the lower horizontal map in (|11.24p is a homomorphism Z/p -4 Z/p. 
Let us show that this morphism is non-trivial: the image of 73(a) ® a in ^(Z/p) : 

73(a) 474(a) i-» 4wf (a) 

and 4^4(0) 7^ since p 7^ 2. □ 

Proposition 11.2. For any integer i > and any odd prime p, one then has 



W(Z/p) 



Z/p, t = 1,2 
0, i^l,2 



Proof. It follows from definition that £ 4 (A) = for every cyclic group A. By (|7.29|) . the sequence 

->■ L 3 A 2 r 2 (yl) -4 L 3 <C2(^) -4 L 3 y V) -4 L 2 A 2 r 2 (^) -4 

L 2 £ 4 (A) -4 L 2 Y 4 (A) 4 LiA 2 r 2 (A) -4 -4 Li^ 4 ^) (11.25) 

is exact. By (|0|> . Lr 2 (Z/p) = if (Z/p, 0) for p odd, so that 

L J A 2 r 2 (Z/p) = (^'j = 1 ' (11.26) 

In particular, the right-hand arrow in (|11.25p is surjective. The definition of Y 4 implies that there is 
a long exact sequence 

L 2 Y 4 (,4) -> 7T 2 (^A 3 (^) ® ^ -»■ L 2 A 4 (^) -4 LiF V) -4 tq (^A 3 (^) ® ^ -»• L X A 4 (A) 
and an isomorphism 

L 3 Y 4 {A) ~ ker{Tor(0 3 (^),^) -4 n 4 (4)}. 
Lemma 111.21 asserts that the group Z/3Y 4 (Z/p) is trivial, and we know by (|2,2ip and (I2.25P that 



Lik\Z/p) 



Z/p, i = 3 
0, i ^ 3. 



The exactness of the sequence (|11.25p then implies that 

L 4 y 4 (Z/p) = |^'_; 2 =2 ' (11.27) 

We will now show that the boundary map <jl 1 .25[) : 

L 2 Y A (Z/p) — ^ LxA 2 r 2 (Z/p) (11.28) 



Z/p ^Z/p 

is trivial. Consider first the case p / 2,3. One then has the following values for the homology groups 
H,K(Z/p,2): 

n 23456789 



H n K(Z/p,2) Z/p Z/p Z/p Z/p 
Table 11. 
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The analogue of the spectral sequence (|11.13[) for K = K(1*/p, 2) is 



E 



r,q 



L q+1 L r (ZK(Z/p, 2), -1) => 7r q (K(Z/p, 1)) 



(11.29) 



Reasoning as in the proof of proposition (jll.lj) , we find that the initial terms in this spectral sequence 
are the following: 



Q 


E U 


E lq 


Elq 




E lq 


E lq 


E h 


E i q 


E lq 


E W,q 


8 





* 


* 


* 


* 


* 


* 


* 


* 


* 


7 


Z/p 


Z/p 


* 


* 


* 


* 


* 


* 


* 


* 


6 





Z/p 2 


Z/p 2 


* 




* 


* 


* 


* 


* 


5 


Z/p 


Z/p 


Z/p 


Lx^Z/p) 




















4 





Z/p 


Z/p 























3 


Z/p 





























2 





Z/p 


























1 


Z/p 






























TABLE 12. The E'-term of the spectral sequence (|11.29p for p ^ 2,3 



case E^q 



This spectral sequence converges to the graded group Z/p[l]. Suppose that L\L^.(Z/p) = 0. In that 
^3 6 7^ an d this contradicts the fact that homotopy groups iTiK(Z/p,l) are trivial for 
i > 2. It follows by (lll.2fi|) and (lll.27|) that L x £f (Z/p) = Z/p and the map (lll.28|) is the zero map. 
The description of all the derived functors of £^(Z/p) for p ^ 2,3 now follows from the exact sequence 



We now consider the p 
K(Z/3,2): 



3 case. We have the following description of the low degree homology of 



■n 



6 



7 



8 9 



H n K(Z/3,2) Z/3 Z/3 Z/9 Z/3 Z/3 Z/3 
Table 13. 



The initial terms for the spectral sequence fjl 1 . 29|) for p = 3 are the following: 



q 


4, 


E lq 


E lq 


E L 


E lq 


E lq 


4, 


E lq 


E lq 


E W,q 


8 


Z/3 


* 


* 


* 


* 


* 


* 


* 


* 


* 


7 


Z/3 


Z/3 2 


* 


* 


* 


* 


* 


* 


* 


* 


6 


Z/3 


Z/3 2 


Z/3 3 


* 




* 


* 


* 


* 


* 


5 


Z/9 


Z/3 


Z/3 2 


L x £f(Z/3) 





Z/3 














4 





Z/3 


Z/9 























3 


Z/3 





























2 





Z/3 


























1 


Z/3 






























Table 14. The £' 1 -term of the spectral sequence (|11.29|) for p = 3 
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We will now prove that Li£ 4 (Z/3) = Z/3. For any abelian group A, the differentials d\ 7 and d\ 8 
in the corresponding spectral sequence (|11.12p for n = 2 have the property that the following natural 
diagrams are commutative: 



T A (A) 



E l,7 



T 3 (A) ® A 



4,7 



E 2A 



LiT 4 (A) 



TTi ( r 3 (A) 



.4 



^2,7 



where k 4 is the homomorphism in the Koszul complex Kos 4 (A H A) (|2.30p and k 4 its first derived 
analog. This implies, in the case A = Z/3, that the differentials d\ 7 and g are monomorphisms. 
The assumption Li£ 4 (Z/3) = 0, implies that E^q ^ and this contradicts the triviality of the sixth 
homotopy group of -fT(Z/3, 1). □ 

Remark 11.3. For p = 2 the description of Lj£ 4 (Z/p) is also more complicated. For example, the 
group L2^ 4 (Z/2) contains non-trivial 4-torsion elements. In the simplicial language, a generator of 
the 4-torsion subgroup is provided by the following element: 



{s Q ai, siai, s Q ai, siai} 



{siai, sis a , s Q ai, s «i} + 

{s ai,sis a ,sia ,sia } + {{siai, sis a }, {s ai, sis a }} 



This 4-torsion element corresponds to twice the 8-torsion element of Cohen- Wu [14J,[50j App. A, 
which lives in the last summand of itjY,M,P 2 = irjM(Z/2,2) (see table [TO]) . We will not discuss this 
computation, since it involves more elaborate techniques than those described here. 

After these preliminaries regarding the derived functors of £ 4 , let us begin our computations of the 
homotopy of the spaces M(Z/p, 2) with the case p = 3. By remark IHTTl we know that 



Li£ 3 (Z/3,l) 



Z/9, i = 4 
Z/3, i = 5 
0, i ^ 4,5. 



The computation of the derived functors L g £ r (Z/3, 1) for q < 7 follows easily from the Curtis decom- 
position of L r and the known values of the derived functors of £ 3 (Z/3, 1). We display the result in the 
following table: 



Q 




E 2,q 




E lq 


E lq 


E lq 




^8,, 


E lq 




6 











Z/3 


Z/3 


Z/3 














5 








Z/3 


Z/3 





Z/3 














4 








Z/9 























3 
































2 





Z/3 


























1 


Z/3 






























Table 15. The S 1 -term of the spectral sequence (|11.5p for A = Z/3 and n = 2 

The differentials d\ 6 : Z/3 ->• Z/3 and d\ 6 : Z/3 -> Z/3 are trivial, as follows from the comparison 
between the Curtis spectral sequences for K = M(Z/3, 2) and K = K(Z/3, 2) and from the structure 
of table [15j The assumption that either d\ 6 or d\ 6 is an isomorphism would produce a non-trivial 
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term in the spectral sequence whose initial terms were given in table [TH Looking at the horizontal 
lines in table [151 we now see that 

7T 2 M(Z/3,2) = Z/3 
7r 3 M(Z/3,2) = Z/3 
vr 4 M(Z/3,2) = 
vr 5 M(Z/3,2) = Z/9 
|vr 6 M(Z/3,2)| = 27. 

Observe that we have in particular exhibited here the cyclic group of order 9 of |42j . |35j mentioned in 
the introduction. 

The homotopy groups of the spaces M(Z/p, 2) for a prime p ^ 2, 3, are simpler to describe. In that 
case, the initial terms of the spectral sequence f 1 1 1 . 5 1) are: 



q 




E 2,q 






E 5,q 




4, 


E lq 


E lq 


^10,<7 


6 











Z/p 


Z/p 

















5 











Z/p 




















4 








Z/p 























3 
































2 





Z/p 


























1 


Z/p 






























Table 16. The £^ 1 -term of the spectral sequence (|ll,5p for A = Z/p when p ^ 2,3 
and n = 2 

In particular, the derived functors Lj£ 3 (Z/p, 1) are simpler for these values of p, which explains the 
difference between the third columns in tables [T5l and [T6l Note also that the p-torsion in L^L^^Z/p, 1) 
comes from the term ker{$72(Z/p) <S> Z/p — > LiA 3 (Z/p)} in (|8.8p . We obtain in particular 

vr 6 M(Z/p,2) = Z/p 
|vr 7 M(Z/p,2)| =p 2 . 

11.5. Some homotopy groups of M(A,3). Consider the spectral sequence (|11.5p for n = 3: 

E}. q = L q L r (A, 2) ir q+1 M{A, 3). (11.30) 

The initial terms of this spectral sequence are obtained as in the spectral sequence (|11.18|) from 
the Curtis decomposition of Lie functors and the computation of the derived functors of its graded 
components. In addition, the occurence of a summand £> S (A) in follows from the composition 
of the maps (|10.2p . These initial terms are given in the following table (recall that A 2 is the functor 

my- 
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q 








8 








L 2 L*(A) 


7 








Li£ 3 (A) 


6 








L 3 (A) ©Tor(A,Z/3) 


5 





n 2 (A) 


A © Z/3 


4 





A 2 (A) 





3 





A® Z/2 





2 


A 









9 




4, 


E 6,Q 


4, 


E L 


8 




* 







* 


* 


* 


7 




* 







* 


* 


* 


6 


Tor (A 2 (.4), 


Z/2) ©0 2 (,4) <2) 


Z/2 











* 


5 


Tori (A, Z/2, 


Z/2) © (A 2 (.4) e 


)Z/2) 











A<g>Z/2 


4 




A © Z/2 
















3 





















2 






















TABLE 17. The initial terms of the spectral sequence (|11.30p 



As a result we have a natural isomorphism 

7T A M(A,3) ~ A©Z/2, 

which is simply the suspended version of the isomorphism (|11.21|) . as well as the following natural 
short exact sequence: 

-> A © Z/2 -> tt 5 M(^, 3) -> A 2 (vl) 0. 
However, the latter is not split, since it is known for example that 7T5-M(Z/2, 3) = Z/4. 

The differential d^ e : E% 6 — > £^ 5 is trivial, as can be seen by reduction to the case of A free 
abelian of finite rank, and a comparison of the rank of with that of the homotopy group of the 
corresponding wedge of spheres S 3 , as computed by the Hilton-Milnor theorem (see |17] theorem 4.21). 
On the other hand, the differential d\§ : Ef 6 — > Eg 5 can be non-trivial. It is an isomorphism for 
A = Z/2, as follows from the known description of the groups 7Tj(M(Z/2, 3)) = 7Tj(£ 2 IRP 2 ) for small 
values of i: 



i 


3 4 5 6 7 8 9 


7TiM(Z/2,3) 


Z/2 Z/2 Z/4 Z/4 ©Z/2 Z/2© Z/2 Z/2 ©Z/2 Z/4© Z/2 



Table 18. 

In addition, one can express the differential d\ 6 in (|ll,30p as a suspension by comparing the spectral 
sequences (|11.18p and (lll.30p . For this, consider the following commutative diagram, in which the 
vertical arrows are suspension morphisms: 

d 4 (A 2) 

Tor (R 2 (A), Z/2) — — ^T 2 (^)©Z/2 (11.31) 



Tor(A 2 (^),Z/2) 



< e (A3) 



A © Z/2 
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The upper arrow in this diagram is the restriction to the first summand of the differential d\ 5 from 
(|11.18|) , whereas the lower one is the differential d\ 6 from (|11.3Up . The suspension maps are isomor- 
phisms for A = Z/2. Since we know that d\ 6 is an isomorphism in that case, so is the differential d\ 5 
in (fTTTTHjl . 

The spectral sequence (|11.3U|) determines in particular a filtration on the group ttqM(A, 3), with the 
following non-trivial associated graded components: 

gr 2 n 6 M{A,3) = n 2 {A) 
gr 3 7r 6 M(A,3) = A®Z/3 

gr 4 TT 6 M(A,3) = (A 2 (A) <g> Z/2) Tori (A Z/2, Z/2) 
gr 8 TT 6 M(A, 3)= A® Z/2/im(4 6 ) 

For A = Z, this determines precisely 12 elements in ttq^S 3 ), which are the non-trivial elements in the 
associated graded components gr 2 , 5T4, gr§ listed above. Table [T71 also implies that there is a natural 
epimorphism 

ir 7 M(A, 3) L 3 (A) Tov(A, Z 3 ). 

As an example of this computation, consider the case A = Z/3. A simple analysis, with the help 
of (|8.14p . gives the following description of the initial terms of the corresponding spectral sequence 
(fTPDD : 



q 




E 2,q 


^3,, 




E lq 


E lq 


4, 


E lq 


E lq 


E W,q 


8 

















Z/3 








Z/3 





7 








Z/3 























6 








Z/3 























5 





Z/3 


Z/3 























4 
































3 
































2 


Z/3 






























TABLE 19. The initial terms of the spectral sequence (|11.30p for A = Z/3 
We conclude that 

vr 7 M(Z/3,3) = tt 8 M(Z/3,3) = Z/3. 



11.6. Some homotopy groups of M(^4,4). The spectral sequence (|11.5p for n = 4: 

E l m = L q L p (A,3) => 7r q+1 M(A,A). 
has the following initial terms in low dimensions: 



(11.32) 
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1 


7— il 






9 








Y J (A) 


8 











7 







Tor (A, Z/3) 


6 





r 2 (A) 


A®Z/3 


5 





Tor(A, Z/2) 





4 





A® Z/2 





3 


A 









9 




4, 


E 6,a 






9 


* 





* 




* 


8 


* 





* 


* 


* 


7 


A g Z/2 © Tor 2 (A, Z/2, Z/2) © T 2 (A) ® Z/2 











Ton (A, Z/2, Z/2, Z/2) 


6 


Tori (A, Z/2, Z/2) 











A® Z/2 


5 


A® Z/2 














4 

















3 


















Table 20. The initial terms in the spectral sequence (|11.5|) for n = 4 



Observe in particular that the torsion- free expression ^(Z) which appears in column 2 of table 1201 
for A = Z survives to -Kf^ since a non-trivial morphism d 2 6 : ^(Z) — > Z (g) Z/2 would contradict the 
known non-trivial value of ^(S 4 ). We can therefore recognize in a generator of this group ^(Z) the 
class of the generalized Hopf fibration v : S 7 — > S 4 . 

The suspension homomorphisms 7T4M(^4, 2) — > 7T5-M(j4, 3) — > ttqM(A, 4) can be described in terms 
of the suspension homomorphisms between the corresponding derived functors of Lie functors. The 
result is expressed by the following commutative diagram (see also [2j VIII §3, IX §2, XI §1): 

L 3 S (A)®T 2 (A) <g>Z/2< ^ir 4 M(A,2) »- R 2 (A) . 

A ® Z/2< 7r 5 M(A, 3) ^ X 2 (A) 

\i | | 
A ® Z/2< ^ n 6 M(A, 4) ^ Tor(A, Z/2) 

Note that these horizontal short exact sequences are in general not split, since 7T4(M(Z/2, 2)) = 
7r 5 (M(Z/2,3)) = Z/4. 

11.7. Solving the extension problem. In simple cases one can solve the extension problems with 
the help of functoriality. For example we have just seen that there is a natural exact sequence 

-)■ ,4® Z/2 -> 7r 6 M(A,4) -)■ Tor (A, Z/2) -> 0. 

In particular, for j4 = Z/4, this reduces to the sequence 

-> Z/2 -> vr 6 M(Z/4,4) Z/2 -> 0. 

In order to compute the group itqM(Z/4:, 4), we must still determine whether this sequence is split. 
The following simple argument will show that this indeed is the case. 

Let F be any endofunctor on the category of abelian groups which is endowed with a natural 
extension of functors 

-> A ® Z/2 -> -> Tor(A, Z/2) -> 0. (11.33) 

We will now prove that for any such functor F the extension (|11.33p is split. Suppose on the contrary 
that F(Z/4) = Z/4. In that case the group F(Z/2) is isomorphic either to Z/4 or to Z/2 Z/2. Let 



DERIVED FUNCTORS OF NON-ADDITIVE FUNCTORS AND HOMOTOPY THEORY 



54 



us first suppose that i ? (Z/2) = Z/4 and consider the following diagram, induced by the injection of 
Z/2 into Z/4: 

Z/2 C ^ Z/4 ^ Z/2 

o 

Z/2 C ^ Z/4 ^ Z/2 

Such a commutative diagram cannot exist since the pushout of any extension by the trivial homomor- 
phism is a trivial extension. If on the other hand we suppose that F(Z/2) = Z/2 © Z/2, then the 
natural projection Z/4 — > Z/2 induces a commutative diagram 

Z/2 C ^ Z/4 ^ Z/2 

o 

Z/2 C ^ Z/2 ©Z/2 ^ Z/2 

which also cannot exist, since the pullback of any extension by the trivial homomorphism is a trivial 
extension. This proves that the extension (|11.33|) is split, and in particular that 7T6M(Z/4, 4) = 
Z/2 ©Z/2. 

11.8. Some homotopy groups of M(Z/3, 5). In this simple example, we will illustrate some lines 
of reasoning by which we computed certain differentials in Curtis spectral sequences. Consider such 
a spectral sequence f 1 1 1 . 3 [) for n = 5, with abutment M(Z/3,5) and initial terms E^ q = L g £ p (Z/3,4) 
One finds in low degree: 



q 


E \, 




E lq 




E l,q 


E lq 


E h 


E lq 


E 9,q 


10 


























Z/3 


9 





Z/3 























8 








Z/3 




















7 








Z/3 




















6 





























5 





























4 


Z/3 



























TABLE 21. The initial terms in the spectral sequence ([11. 5p for n = 5 and A = Z/3 



We will now provide two separate justifications for the triviality of the differential d\ 9 : Z/3 — > Z/3, 
both of which were used in more complex situations in the previous paragraphs. The first argument 
goes as follows. The differential d\ 9 for n = 5 and A = Z/3 lives in the following commutative diagram, 
in which the notation is the same as in diagram 111.311 (and the vertical arrows are suspension maps): 



L 9 £ 2 (Z/3,4) 
s 



4 9 (Z/3,5) 



L l0 L 2 (Z/3,5) — 



4 10 (Z/3,6) 



L 8 £ 3 (Z/3,4) 

E 

L 9 £ 3 (Z/3,5) 
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This commutative square is actually of the form: 

4 i9 (Z/3,5) 




4 10 (Z/3,6) 



so that the map d\ 9 (Z/3, 5) is trivial. As a consequence, 7TgM(Z/3, 5) = 7TioM(Z/3, 5) = Z/3. 



Here is the second proof of this assertion. Consider the natural map M(Z/3, 5) — > K(Z/3, 5) ([11. ip 
and the corresponding map between the spectral sequences (I11.5P and fjll . 14|) for n = 5 and A = Z/3. 
The homology groups of K(Z/3, 5) are given by: 



n 


5 6 7 8 


9 


10 


11 


H n K(Z/3,5) 


Z/3 


Z/3 


Z/3 


Z/3 




Table 22. 









The initial terms of the spectral sequence (jl 1. 14|) for n = 5 and A = Z/3 are the following: 



q 






E la 


E lq 




E lq 




E lq 


E 9,a 


10 


Z/3 























(Z/3) 


9 


Z/3 


(Z/3) 























8 


Z/3 





(Z/3) 




















7 








(Z/3) 




















6 





























5 





























4 


(Z/3) 



























TABLE 23. The initial terms in the spectral sequence ([11. 12j) for A = Z/3 and n = 5 

We displayed within brackets those terms which are in the image of elements from the corresponding 
spectral sequence (jll.5p . as given in table [2TJ Since the spectral sequence (|11.12|) converges here to the 
graded group Z/3 [4], it follows that the map d\ 9 is necessarily zero: otherwise, the element E\ 10 = Z/3 
would contribute non-trivially to ttiq(K(X/3, 4)). It follows that the corresponding map d\ g in the 
spectral sequence whose initial terms are displayed in table ED is also trivial. We deduce from this that 
vr 9 M(Z/3,5) = 7Ti M(Z/3,5) = Z/3. 

Appendix A. Derived Koszul complex 

In this appendix, we illustrate our derived functor methods, by giving an explicit description of 
certain objects and morphisms obtained by deriving the Koszul sequence (|2.30p . 

Let 

be a flat resolution of the abelian group A. A convenient model for the derived category object LK n {A) 

is provided by the dual Koszul complex of the morphism L A M. Recall that for n = 2 this is the 
complex 

r 2 (L) %L®M% A 2 (M) (A.l) 
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with the differentials 



and for n = 3 the complex 



6 2 (l2(l)) = I® 6(1) 
5 1 (l ®m) = 5(1) A m 



with the differentials 



r 3 (L) % r 2 (L) <g> M A L <g> A 2 (M) % A 3 (M) 

53(73(0) =72(0 ®6(l) 
63(12(1)1') = U'® 6(1) + l2 (l)® 6(1') 
62(12(1) ®m) = Z <g> m A 5(0 
5i(/ (g) m A m') = <5(Z) Am Am' 
L 

The derived category object LA (A) (g ^4 may be represented by the tensor product of the complex 



(jA.ip with the complex L M, in other words by the total complex associated to the bicomplex 

T 2 (L)®L ^ L®M®L ^ A 2 (M)<gL 



T 2 (L) <g> M 



L(R>M <g M 



A 2 (M) tgM 



in other words the complex 

<5i 
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r 2 (L) ®L3 T 2 (L) <g M © (L <g M <g L) 4 (L (g M (g M) © A 2 (M) ®I 4 A 2 (M) ® M (A.2) 
with differentials 

4(72(0 ® /') = (72(0 ® <*(0, ~ l ® 6(1) ® I') 

6' 2 (72 (0 ® m) = (I® 6(1) ® m, 0) 

5 2 (Z <g m ® I') = (I <g> m <g) 5(1'), m A 5(1) ©> Z') 

(^(Z (g m ©> m') = <5(Z) A m ® m' 

^i(m Am' ®l) = m A m' <g> 5(Z) 



LiA 2 (,4) = fi 2 (A) 

^ 2 f A 2 (A) ® A ] = Tor(0 2 (A),A). 



Recall that 

(A-3) 
(A.4) 

Given elements a, a' € n A, let us choose its representatives m, m' 6 M and cross-cap elements 1,1' £ L 
such that 5(Z) = nm, 5(1') = nm' . The maps 

n 2 (A) -> (£®M)/im(<5 2 ) 

Tor(fi 2 (A),A) (r 2 (L)®M© (L®M ®L))/im(c^) 
which define the isomorphisms (|A.3[) and (1A.4|) are given by 

W2 («) H> Z ® m + im(<5 2 ) 

u; 2 (a) * 6 >->• (~7 2 (Z) ®m',l®m®l') + im(<5 3 ) 
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Next we consider the following diagram with exact rows and columns: 

gii git fin 
£ 3 (L) C ^ L®M®L ^ L®M(g>M ^ Y 3 (M) 

f s , f 5 , r f 

T 2 (L) ® L<~^ r 2 (L) ®M®(L®M®L) — ^ (L®M®M)e A 2 (M) <g> L — A 2 (M) <g> M 

03 1 02 | 01 | 00 

T 3 (L)C T 2 (L) ® M ^ L ® A 2 (M) A 3 (M) 

L&Z/3 



with 



(A.5) 



4>o(m Am'® m") = to A to' A m" 
01 (Z (g) m <8) to/) = I ®m Am' 
4>i (to A to' (g) /) = I ® m Am' 
02(72(0 <8> to) = -72(0 <8> m 
2 (Z ®m®l') = 11' ®m 

fo{ l2 {l)®l') = -l2{l)l'. 



and 



<5 3 '(zWXF) = 1 ® <?(/") ® z' + z" ® <J(0 ® z' - z ® <*(/') ® z" - z' ® <5(Z) ® z" 

<5 2 (Z <g> to <g> Z') = Z ® 5(1') ®m + l' <S> 6(1) ®m + l®m® 8(1') 
5" (I ®m®m') = {5(1), m, m} 



Here I ® I' A I" denotes the image of the element Z <8> Z' A Z" under the natural epimorphism L®A 2 (L) — > 
£ 3 (L). We will now make use of the fact that the dual de Rham complex 

-> A 3 (L) -> L (8) A 2 (L) -> T 2 (L) ®i-> r 3 (L) 

has trivial homology in positive dimensions and hence 

L 3 (L) = ker{r 2 (L) <g> L ->• r 3 (L)} = coker{A 3 (L) -»• L <g> A 2 (L)} 

Consider the functor £^ 3 ( J 4) := im{r 2 ( J 4) 0i4 r 3 (^4)}. We have a natural short exact sequence 

-> £ 3 (,4) -> r 3 (A) ->• 4 <g> Z/3 -> 

which induces the following commutative diagram 

£ 3 (L) ^ r 2 (L) ® M L ® A 2 (M) -^->- A 3 (M) (A.6) 



f 



r 3 (L) ^ r 2 (L) ® M L ® A 2 (M) A 3 (M) 

L® Z/3 
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LOZ/3 



H 2 W C - 

f 



t 

-H 2 Q- 
I 

H{W 
\ 



L X A 3 {A) 



L 2 Y 3 (A) 

r 



7T 2 (lA 2 {A) ® A^j = 7T 2 (lA 2 {A) ® A 



\ 

L 2 A 3 {A) 
\ 

LiY^A) 
\ 



7Ti ( LA 2 (A) ® ^ j — TTi (LA 2 (A) | A 



:LiA 3 (A) 



(A.7) 



where W and Q are the upper rows in diagrams ()A,5p and ()A,6p respectively. We give the following 
simple example, which illustrates the inner life of the previous diagrams. 



Proposition A.l. 



L;Y 3 (Z/3) = ^ 



Z/3, i = 2 
Z/9, i = 1, 
0, 1,2 



Proo/. It follows from the description Y 3 (A) = ker{A 2 (74) ®A^ A 3 (A)} that 



L 2 Y 3 {A) = ker{Tor(fi 2 (AM) L 2 A 3 (A)} 



Let A = Z/3 and L 4 Af is Z 4 Z. Let I, m be generators of L and M respectively with 6(1) = 3m. 
The group Tor(f22(^4), A) is generated by the homology class of the element (72(0 ® m, I <8) m <S) Z) in 
the complex ()A.2p . We have 



^2(72(0 8) m, Z <g> m <g> Z) = 72 (Z) ® m + ZZ <g> m = 37 2 (Z) <g> m = 72 (Z) (8) <5(Z) = S 3 (j 3 (l)) 



Hence the map 

Tor(tt 2 (A),A) ^ L 2 A 3 (A) 



induced by the map (j) 2 is the zero map. This proves that 



L 2 Y 3 (Z/3) = Z/3. 



□ 
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It is easy to see that for our choice of L and M, the complex W has the form Z — > Z — > so that 
H\W = Z/9, H2W = 0. In this case, the diagram (|A.7p has the form 

^Z/3 

I h 

Z/3 Z/3 
I jo 
Z/3 C ^ # 2 Q ^ Z/3 

I 1 

Z/9 ^Y^A) 

I 1 

Z/3 Z/3 

I 1 


and we see that the map H\W — > LiY 3 (^4) is an isomorphism and hence 

LiY 3 (Z/3) = Z/9. 

The object Lr 2 (A) of the derived category may be represented as the following complex: 

L ® L -> T 2 (L) <g> (M ® L) -» r 2 (M) 

Consider the following diagram: 

A 2 (L) ^M®L ^T 2 (M) (A.8) 

l<s>l r 2 (L) e (m ® l) — r 2 (M) 

5P 2 (L) -T 2 (L) 

Denote by C = C(L -> M) the upper complex in ()A,8j) . Diagram (|A.8|) implies the following exact 
sequence of homology groups: 

FiC -> i? 2 (A) -> L ® Z/2 -> F C -»• T 2 (,4) -> 

In particular, the p-torsion components of -ffjC and Lir 2 are naturally isomorphic for p 7^ 2. 

The objects Lr3(j4) and j4 ® Lr 2 (j4) of the derived category may be represented by the following 
complexes: 

L ® L ® L -4 (r 2 (L) ® L) ® (L ® T 2 (L)) ® (L ® L ® M) -4 

r 3 (L) © (r 2 (L) ® m) © (l © r 2 (M)) -> r 3 (M) (A.9) 



L ® L ® L — > (M ® L ® L) ffi (L ® T 2 (L)) © (L ® L ® M) -4 

(1/ ® T 2 (M)) ffi (M ® T 2 (L)) ®{M®L®M)^M® T 2 (M) (A.10) 
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Consider the following diagram: 

A 3 (L) - M © A 2 (L) SP 2 {M) © L SP 3 (M) (A.ll) 

II II f f 

A 3 (L) - M <g> A 2 (L) ^ T 2 (M) © L T 3 (M) 

M © L © Z/2 ^ M ® Z/3 © (M 8M® Z/2) 



The upper complex in (jA.lip is a model for the element LSP S (A) in the derived category. Denote the 

re 

H 2 D ~ L 2 SP 3 (A) 



middle horizontal complex hy D = D(L \ M). We have the natural isomorphism 



and the following exact sequence: 

-> Li5P 3 (yl) -> ifiD -»■ Tor(M © A, Z/2) 

5P 3 (A) -> H D -> M © Z/3 © (M © A © Z/2) ->■ (A.12) 

Now consider the following diagram which extends the diagram ()A.5|) : 
A 3 (L) C M A 2 (L) r 2 (M) © L > r 3 (M) 

t 'F - ~F - F 

L © A 2 (L)^^ M © A 2 (L) © (L © M © L) (M © M © L) © L © T 2 (M) M © r 2 (M) 

T 2 (L) © LC %. T 2 (L) © M © (L © M © L) — *-*■ (L © M © M) © A 2 (M) © L A 2 (M) © M 

\<t>3 \<t>2 \<t>\ \<i>Q 

T 3 (L)C »- T 2 (L) © M »- L © A 2 (M) >■ A 3 (M) 



L©Z/3 
Here 



(A.13) 



and 



5\{m © m! © /) = m © m'S(l) 

<5i(Z©7 2 (m)) = 5(0 ®7 2 (m) 

<5 2 (m © Z A I') = (m © <5(0 © Z' - m © <5(Z') © Z, 0) 

<5 2 (Z © m © Z') = (<5(Z) © m © Z', -Z © m<5(Z)) 

5 3 (Z © Z' A Z") = (<5(0 © Z' A Z", -Z © <5(Z') © I" + I © <5(Z") © Z') 

(f>b(m © 72(771')) = rn Am ®m! 

(p'i(m © m © Z) = (— Z © m © m , m A m © /) 

</>'iG ® 72( m )) = (Z © m © m, 0) 

0' 2 (/ © m © Z') = (-ZZ' © m, -Z © m © /') 

4> 2 {m®l A I') = (0, Z © m © I' - Z' © m © Z) 

<$i(Z © /' A Z") = -11' © Z" + 11" © Z' 
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We obtain the natural isomorphism of complexes: 



Ho A <g> C 



Tor(n 2 (A),A) *Sl 3 (A) 



H 2 D 



L 2 SP 3 (A) - Tor (A, L 1 SP 2 (A)) Tor(fi 2 (^), A) fl 3 (A) 

The map 

Tov{A,L 1 SP 2 {A)) -> (M® A 2 (L) © (L ® M ® L))/im(ff 3 ) 
is given as follows: let a, a' , a" € A with na = no! = na" = are represented by elements m, m' , m" is 
M and 5(1) = nm, 5(1') = nm', 5(1") = nm" , then 

a * a'ia" h4 (-m ® Z' A Z", Z <8> m' ® Z" - Z <g> m" ' ® Z') + im(5 3 ) 

The map 02 induces the Koszul-type map 

Tbr(A,LiS.P 2 (A)) ->■ Toi(fl 2 (A),A) 

defined by 

a * a'ia" i-> (to (a + a") — tu(a) — w(a")) * a' — (w(a + a') — to (a) — w(a')) * a". 
Example. In the case (L A M) = (Z A Z), the dia gram (|A.13j) has the following form: 

™ 3n _ 



(n,-2n) 



(1,1) 



z 



(n,— n} 



-3 



(2n,n) 
1(-1,D ' 

(n.n) 

3Z- — - 

(-1,2) 



This diagram implies that the map 



Hi ( Z/n I) C(Z 4 Z) J -> 7Ti ( LA 2 (Z/n) <g> Z/n 



is multiplication by 3 in the group Z/n. 



When 4 = Z/2 and C = C(Z A Z), we have the following commutative diagram 



f 



H x [A ® C 



■A®i2 2 (A) 

f 




TTl LA 2 (^) <g> A 



Tor(^,^ C") 



As a corollary, we find that: 
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Proposition A. 2. The derived Koszul map 

7Q (a I LT 2 {A)\ -> TTi ^LA 2 (^l) | 
zs i/ie zero map /or ^4 = Z/3 and an epimorphism for A = Z/p, where p is a prime ^ 3. 
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